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Abstract 

We prove locally in time the existence of the unique smooth solution 
(including smooth interface) to the multidimensional free boundary prob¬ 
lem for the thin Him equation in the case of partial wetting. We also 
obtain the Schauder estimates and solvability for the Dirichlet and the 
Neumann problem for a linear degenerate parabolic equation of fourth 
order. 
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1 Introduction. 

The present paper is devoted to the studying of a local in time smooth solution to 
a free boundary problem for the thin film equation in multidimensional setting. 
The literature on the thin film equation is so numerous that it is impossible 
to give the complete overview in this brief introduction. Among papers on 
the thin film equation in the one dimensional or multidimensional setting we 
mention only the papers [T] - |18] and we refer the reader to these papers on 
questions on physical origins of the model. At the same time the literature on 
smoothness of the solutions to the thin film models are far not so numerous 
even for the case of one spatial variable. Regularity and smoothness of the 
solution and it’s free boundary in the one dimensional setting was obtained 
in the papers n - 0. As for the case of more than one spatial variable (the 
multidimensional setting), the author is aware only of the paper [T5] (see also 
the paper in this connection). It is well known that multidimensional setting 
is fundamentally differ from the one-dimensional one. In the one dimensional 
case the free boundary is just a point at each moment of time. So there is no 
the question about the smoothness of the free boundary with respect to the 
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spatial variables. Instead, in the multidimensional setting the problem require 
the studying of the smoothness of the free boundary not only with respect to 
time but also with respect to the spatial variables. 

In the present paper we consider the free boundary model for the thin film 
equation in the case of partial wetting. In fact, the present paper can be seen as 
a generalization to the multidimensional setting of the paper [T] . So all physical 
foundations for the mathematical model below can be found in [1]. 

Let us turn to the formal mathematical statement of the problem. Let N > 1 
be an integer, T > 0. Let Q be a (non-cylindrical) bounded domain in x [0, T] 
with the lateral boundary St- Denote also for each t G [0,r] the open section 
Qt = {{y^'T) & Q ■ T = t G [0,T]} C . We denote independent variables by 
(y, t) in view of a subsequent transformation of the problem to new variables. 
We denote for further Qo = {(l/jO) G Q} = D, where D is a given domain 
in R^. In this notation St = {(j/,'r) : t G [0,T],y G dQr}- The domain Q 
is unknown and has to be determined together with the unknown nonnegative 
function h(y,T), {y,T) G Q, by the conditions 

f)]l 

— + V(/i2vAh) = 0, (2/,T)Gg, (l.I) 


h( 2 /, r)=0, yGdQr, that is {y,T) G St, (1-2) 


= g{y,T), yGdQr, that is (j/,t)gS't, (1.3) 

orir 

h{y,T)>0, yGQr, in open Qr, (1.4) 

h{y,0) = ho{y), yGQo = VL. (1.5) 

Here V = {d/dyi ,..., d/dy^), A is the Laplace operator, H is a given domain in 
R^ , g{y,T) is a given function on R^ x [0,T], ho{y) is a given function on Q, 
Ur is the unite outward normal to dQr- To formulate strict conditions on the 
data H, g{y,T), ho{y) we have to introduce some function spaces we use below. 

Let M be a positive integer. In the space R^ we use standard Holder 
spaces C\R^), where I = (Zi, Z 2 , W), k are arbitrary positive non-integers. 

The norm in such spaces is defined by 

M 

ll'^llcqfl:") — ~ > (1-6) 

i=l 


/ \i^i) 

Wa,. RM = sup 

xGR^,h>0 


Dxl^u{xi, ...,Xi + h, ...,Xm) - Dxl^u{x) 


hh-lh] 


(1.7) 
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M 

{uY = Y, , 

where [^i] is the integer part of the number dY;'}u is the derivative of order 
[li] with respect to the variable Xi of a function u. 


Proposition 1 Seminorm (HD can he equivalently defined by fny ) 


- sup --, k > li, 

*’ xeR^,h>o 




( 1 . 8 ) 


where Ah^xiU{x) = u{xi, ...,Xi+h, ...,xn)—u{x) is the difference from a function 
u{x) with respect to the variable Xi with a step h, xA^) — ^h,xi ' 

(Ah^xAu{x) is the difference of power k. 


The same is also valid not only for the whole space but also for it’s 
subsets of the form n > 0} with K < M. It is known 

that functions from the space CfR^) have also mixed derivatives up to definite 
orders and all derivatives are Holder continuous with respect to all variables with 
some exponents in accordance with ratios between the exponents U. Namely, if 
k = (fci, kM) with nonnegative integers ki, ki < [Z^], and 


ui = 


N 




(1.9) 


then (see for example [50] ) 


dAx) e C\R^), 


Ax'^Wc'^iR’^) — 


( 1 . 10 ) 


where 


d = {di ,..., duf), di = Luli. 


( 1 . 11 ) 


Moreover, relation (11.101) is valid not only for R^ but for any domain H C R^ 
with sufficiently smooth boundary and we have 




m < c\\i 


( 1 . 12 ) 


For special domains of the form 17+ = R^ D {x+ ,Xi ^,> 0} we have even 
more strong inequality just for seminorms 


M 


i=l 


\{di) 


M 






(1.13) 


2=1 


Here the sum is taken over all k with the property (USD and di are defined in 

dm!- 
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The analog of this estimate for an arbitrary smooth domain (including 
bounded domains) is 


M 

EE 


TT \(d,) 

Dlu) < C 

I XiTi 




(0) 


(1.14) 


with arbitrary di < di. 

Now we dehne weighted Holder spaces for problem (HU)- dH]). These spaces 
are a particular case of spaces from [22] (see the preprint version in [23]). 

Let 7 G (0,1). Let H has the boundary T = dfl of the class Let d{x) 

be a function of the class C^+'''(H) with the property 


V ■ dist{x,dVt) < d{x) < V ^ ■ dist{x,dVL), ,dist{x,d^) <1, v > 0. (1.15) 
As such a function can serve, for example, the bounded solution of the problem 


Ad{x) = —l,x G H, d(x)|an = 0. 

For x,x € we denote d{x,x) = max{(i(x), (i(T)} and for a function u{x) denote 


/ 1 f'v') 1^(0;) — m(x)| 

x.3?ea 

Note that weighted seminorm (11.161) is equivalent to the usual Holder seminorm 
with respect to some Carnot-Caratheodory metric for equation (11.11) (see [26] . 
m. US], m for the definitions and see [23], [ 22 ] for the equivalence). 

Define the space as the space of functions u{x) with the finite norm 


- ii“ii 




(ST) = ’ 


(1.17) 


where \u\^^ = max^-| m(x)|. And define the space as the space of 

continuous in D functions u{x) with the finite norm 




“ I 12,7/2,0 “ 


|a|=4 


{d{: 


^YDl 


'(^)) 7 / 2 ,n^ 


(1.18) 


where a = (ai,..., un) is a multiindex, |a| = ai + ... -I- a^- 

For T > 0 denote Dy = {{x,t) : x G G (0,T)} and define the space 

^2 7/2 as the space of continuous in fix functions u{x, t) with the finite 

norm 


where 


l|M|| 

'' 2 .T /2 




= U 


( 4 + 7 )^ 

2,'r/2,nT 



+ (u) 


(4-|-7)_ 
2,7/2,aT ’ 


(1.19) 
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( 1 . 20 ) 


(m) 


(4+7)_ 

2,'-i/2MT 


|a|=4 


Note that functions from 7 / 2 (^)’ ^ 27/2 ^ (Ot) have unweighted first order 
and some second order derivatives with respect to x - see the next section for 
details. Note also that all norms defined for different functions d{x) S 
with properties (11.15^ are equivalent. 

We can formulate now our assumptions on the data of problem (HU)- HU). 
Let 7 G (0,1) be fixed and fix 7 ' G ( 7 ,1). We suppose that the initial domain 
n is sufficiently smooth, 


T = dne ( 1 . 21 ) 

Here and everywhere below we denote L = = Hx [OjTJjLt = rx [0,T] 

- the lateral boundary of VLt- For the initial data hoijj) we assume that 


< /r < cx), ho{y) > 0, 2 / G fl, 

where n is the unit inward normal to F = dfl. 
the same symbols /r, 12 , C all absolute constants or constants depending only 
on fixed data of the problem. About the boundary condition g(ij, r) in (11.31) we 
suppose that 


dhp 

dn 


> 1/ > 0, 


( 1 . 22 ) 


an 


Here and below we denote by 


g{y,T)eC\R^ x[Q,T\), g(y,r) <- 4 /< 0. (1.23) 

We suppose also that the following agreement condition for r = 0, y G is 
fulfilled 


ho{y) = 0,2/ G F = an, 


dhQ 

dn 


an 


Formulate now the main result of the paper. 


9iy,0)\d<:i- 


(1.24) 


Theorem 2 . Under assumptions (11.211) - p.24p problem (11.11) - (11.51) has the 
unique solution h{y,T) G ^^ 27/2 ^ (Q) some T < To{n, g, ho) and the free 
boundary St belongs to the class 

The method of the proving of Theorem [2] consists of reducing of the problem 
to some nonlinear operator equation and applying the Inverse Function theorem 
as it was done in [24] . So we formulate a variant of such theorem. 

Theorem 3 (127^ , Theorem 1.2 and it’s proof.) 

Let U be open in a Banach space H, and let F : U ^ Y be continuously 
differentiable on U, where Y is a Banach space. Let xq € U and assume that 
F'{xo) : H ^ Y is a toplinear isomorphism (i.e. invertible as a continuous 
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linear map). Then F is a local dijfeomorphism at xq and there exists d > 0 such 
that the inverse mapping F~^ is defined on the ball Kd = {y : ||i/—yo|| < 

Vo = F{xo). 

Here d = d{Mi, M 2 ,ujo) depends only on Mi, M 2 , tvo, where 
FIi = M2 = ||(F'(a:o))“^||Y^i?, 

Wo = sup \\F' {xi) - F' {x2)\\h^y■ 

,X2&U 

Due to this classical theorem we have the following very simple but funda¬ 
mentally important for us assertion, where xq serves as an approximate solution 
to the equation F{x) =0. 

Corollary 4 Let the conditions of Theorem 0 are satisfied. Then there exists 
£0 = £o{Mi, M 2 ,ujo) > 0 such that if ||F(a;o)||Y = ||2 /o||y < then for some 
X* gU we have F{x*) = 0. 

Proof. This corollary immediately follows from Theorem |3] if we choose Eq = 
d/2 so that 0 G K^. ■ 

Note that since we are going to use this corollary, the key ingredient of our 
proof of Theorem [5] is the proof of the fact that f'{xo) is invertible. 

The rest of the paper is organised as follows. In Section [2] we collect some 
auxiliary assertion we need below, including some properties of the weighted 
Holder spaces. Section [3] is devoted to a reformulation of the original problem 
as a nonlinear problem in a fixed domain with some additional unknown function 
for a parametrization of the free boundary. In Section|3]we calculate the Frechet 
derivative of the nonlinear operator of the problem from section [31 Section [5] 
is devoted to obtaining the Schauder estimates in weighted Holder classes for 
some model problems for the linearised thin film equation and in Section [3] 
we show the solvability of slightly different model problems. In Section [7] we 
consider the Neumann and the Dirichlet problem for the linearised thin film 
equation in an arbitrary smooth domain. Section [5] shows the invertibility of 
the Frechet derivative from Section [3] by prooving the unique solvability of some 
linear problem. At last, Section [3] completes the proof of Theorem [3] 

2 Auxiliary assertions. 

Let D be a domain in with the boundary F = dLt of the class C'^+t' ,^rp=Ll x 
[0,T], T > 0. Denote also H = R)/ = {x G R^ : xn > 0}. We need for further 
use two technical lemmas. 

Lemma 5 ( ) . Let a function u{x) G Then u{x) belongs to the 

unweighted class and 

l|■“llc^/2(n) ^ ^ \W\\ci!^^.^(Ti) ■ (2-1) 
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Lemma 6 (fE^) Let K C be a compact set. Let U C be a bounded 

subset in that is 

u{x) gU ^ ^ ^ ( 2 - 2 ) 

for some constant M > 0. Then there exists a sequence {w„(x)} C U and 
a function uo(x) G ffo'm the same space C^i.^{K) such that for any 

i G (0,7) 


\\Un "^^ollp-T'^ + \\Un "*^0 |lcT72(i<-) ~^n->-oo 0, 11^0 (K) — (2-3) 

Lemmas [5] and [6] were proved in [22] for the case LI — but the general 
case is completely similar. 

Below in this section^we collect for the further use some assertions about 
spaces C' 2 +} 2 (^)’ (LIt). For the proofs we refer the reader to the 

paper [22] (see also the preprint version [23]), where the more general spaces 
™ (^t) are considered. 

First of all, functions from the space 1 ^ 27/2 ^ (^t) has finite some weighted 
and unweighted lower order derivatives. 

Proposition 7 (J2^) 

Letu{x,t) G ^ 2.^/2 ^ (^t)- There is an absolute constant C = C{Ll,'f) with 


l“l=3 

(2.4) 


|a| = l |a| = l 

where for a function v{x, t) on LIt 


( 1 . 7 / 4 ) ^( 3 ^ 4)1 

^ = sup ■-^- 




h:x-\-h,x-\-2hGQ,, 

e>o:t+e<T 


|/i|6»'r/4 


(2.5) 


lS.g^tv{x,t) = v{x,t+9)—v{x,t), Aj^^^v{x,t) = v{x+h,t)-v{x,t), Aj-^v{x,t) = 


^h,x (X.;r^(a;4)) ■ 


Thus first derivatives Dfu{x,t) with |a| = 1 belong to the Zigmund space 
with the additional smoothness in t. At the same time the second deriva¬ 
tives Dfu{x,t) with |q;| = 2 may be unbounded and in general \D^u(x,t)\ ~ 
C] In d(a:) I as x ^ dLl - see [1] , [^ . 

Lemma 8 (JM^) Let u{x,t) G C 2 7/2 (^r)- Then for |a| = 2 

\D^u{x,t)\ < C\lnd{x)\\d{x)Dlu\^°^^, (2.6) 
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where 


\d{x)Dlu\‘^^^ = 


|/3|=3 


4_(_-y ^ + '>' 4 + 7 /— 

We denote by ^^2 d* (^'t) the closed subspace of ^ (^t) consisting 

of functions u{x, t) with the property u(x, 0) = Ut{x, 0) = 0 in SI. 


Proposition 9 { f2S^) Let u(x.t) G o* i^T),T<l. Then for \a\ = 2,3 

and with some <5 > 0 


4+7 _ 


< CT‘ ll-ll ,. 

‘"2.T/2.0 


(2.7) 


And for |a| < 2 


< cr* ||„|| ...^ 

‘"2.7/2.0 d'r) 


( 2 . 8 ) 


Such inequalities for usual Holder norms in Cq ^(S2t) are well studied ( 
m) and we have {l[ > h, l 2 > h) 


S c^r<||„|| .;,,s 


(2.9) 


Let n be outward normal to L. We consider now the question of traces of 
u{x,t) e C' 2 , 7 / 2 ~(^t) at Lt. 

Proposition 10 ( \2S^ } A function u{x,t) £ ^ (S7t) and it’s derivative 

dujdfi on Ft have traces at Ft from the spaces u(a:,t)|rT ^ (hr), 

du/dn e (x' £T) and 




du, , , 


1 + 7/2.1/2+.J — l2,7/2,nT' 

Ft) 


( 2 . 10 ) 


As for the extension of functions v {x',t) from the class to 

the region SIt , we have the following assertion. 

Denote a neighbourhood of F^ 


N\ = {{x,t) £ Qt '■ dist{x,T) < A}, 
where A > 0 is sufficiently small. 
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Proposition 11 ( For any sufficiently small A > 0 there exists an opera¬ 
tor E : 

with the property: 


{Ft) ^ -"(flT) and E : ^ 


'7/2,7/4/ 


■^7.7/4/o 


for a given function v{x',t) G ^ (rr) ihe function w{x,t) = Ev € 


^ 27/2 * (^t) has support in a neighborhood N\ of Ft and satisfies 


w{x,t)\TT = v{xft), 


to < C\ ||i;|| 2 +^/ 2 .i+j 


( 2 . 11 ) 


-2../2 ■■ "Cx',*' '"(rT)' 

where the constant C does not depend on v. 

Besides, the operator E possesses the property 

^ = (x.Ocnx. (2,12) 

Propositions [TUI and ITT] were proved in for the halfspace Fl = x : xn > 0 but 
the general case is obtained in standard way by the localisation near Pt. In 
the special case of 11 = {x : ccat > 0 } = , Ht = R+ x [ 0 ,T] = 

d{x) = Xn we have the following properties of the space 7/2 ^ 

Proposition 12 fJ22^) 

Let u{x,t) G 1 ^ 27/2 * (-^+t)- Then 


, 74 + 7 , 5 ^/ ^ 


-E E 

j=0\a\=4-j 


x%-^Dfu 


(7.7/4) 


7/2.iJ 


-E E 


+ ’'^ j=0|a|=4-j 


,2-j72 


(l±l\ 

Dfu) \ + 


j=0\a\=2—j+{l—uj)'y 


f/N 

n, rj-, 


-Y. Y 


j= 0 |ct|= 2 -i 


1 / N 

Y Y < c (j;: 

j=l\a\^j 




dN 

^+,T 




(2.13) 

where , i = 1, N, are the corresponding weighted Holder 

constants with respect to only particular variables Xi of the corresponding fourth 
derivatives with respect to the same variable. 

Moreover, 

x]f^Dfu{x,t) 0,XN -t 0, j = 0,1,0 = (oi, ...,aAr), |a| = 4-j,Q!7v < 4-j. 

(2.14) 
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It is important also that the following interpolation inequalities are valid. 

Theorem 13 ( ]22^) Let a function u(x. t) € and a = {ai, ...,aN), 

|q;| =4, be a multiindex, fc G {1,2, N}. Then for any e > 0 


(x%D^u) 


(7) 

'Y/2,Xk,R^^, 


N 






+ C£-‘-">{4<»>5L,ks, ■ 




N-1 


4 \(7) 


2=1 


+ C£‘-"‘ , k = N, 


(2.16) 


N 

+CE(il,o)<7J> , (2.17) 




AT 


2 =l, 2 ^fc 

2 7-j4 \(7) 


+ e'^C (x%D^j^u) 


.LI// /o rtN t k 
k / -f/2,Xk,Rt^^^ ’ ’ 


(2.18) 


N-l 




^+.0 


+ Ce-i7 + Ce^ {i'»Dh«> 72 ,.„,«;„ ■ 

where the constants C does not depend on e, u. 


(2.19) 


4 + -y 4 + T _ 

Theorem 14 Let a function u{x,t) G C 2 ^/2 * (^t) ■ Then for e > 0 


J2 ^))(/ka2.?2T 

|a|=4 |ct|=4 


( 2 . 20 ) 


C 


+7c 


( 0 ) 


l“l=3 
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|a|=3 


{d^{x)D’^u{x,t))^2'!-yi-iMT < e ^ \d^{x)D^u{x,t)\^^^ + ^ J2 \d{x)D^u{x,t)\ 


(0) C ^ I ,.|(0) 


\a\=4 


T £'- 


|a|=3 


( 2 . 21 ) 


|a|=3 |c<|=3 ’ ’ \a\=2 

( 2 . 22 ) 


C 




|a| = l 


Ot’ 


l«l=2 


Y -^Y \dix)D2u{x,t)\^'^ + -^ Y \d{x)D^u{x,t)\^^\ 


|a|=3 


l«l=2 


(2.23) 


Y \dix)D^u{x,t)\^'> 

\ a \=2 


<eY {d{x)D\ 

| a |=2 


|a| = l 

(2.24) 


E 


{D^u{x,t)) 


(j) _ 

x,'y/2,Qt 


^^Y 

i«i=i 


{D>{x,t)) 


(74 

X,Qt 


\a\ = l 


(2.25) 


< e E \d{x)D‘^u{x,t)\'^^ 

|a|=3 


^E 

l“l=l 


c 


Y \^>ix,t)\^l < e Y (^X^-^))iE 2 .n, + ■^Hx,t)\ 

|q| = 1 |o!| = 1 




\u{x,t)\!^’^ <eY \D>{x,t)\^ 
l«l=i 


(0) . C 


T S 


c ii^llL 2 (nT) ■ 


(2.26) 

(2.27) 


Proof. Due to the possibility of the localization it is enough to consider the 
case of D = {a; : xat > 0} = , fir = i?+ x [0,T] = , d{x) = Xm 

and u{x,t) is a function with compact support in the set {|a;| < R,t € [0,T]}. 
Besides, below in the proof the argument t is fixed. 

Inequality (12.201) was proved in [35] so we start with (12.211) . Let |a| = 3 and 
let x,x € , xn <xn- Consider the ratio 
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^/ 2 \x\D’^u{x,t) - xl;D’^u{x,t)\ 

\x-^^ 

Let we are given an e > 0 and consider two cases. Let first |a: — x| < e. Then 
with some xg € [a;, ir] 

74. ^ ^ Af ^ - 1 -^ 

|a; —a;| 

< {xg^D°u{xg,t)) I < 


< Cre^-^ 


l/3|=4 


If now \x — x\ > e, then 


Y1 \^ND°u{x,t)\’^l 

|/3|=3 


A < Cre ^ {\x%D'^u{x,t)\ + \x%D'^u{x,t)\) < 


< 


Cr 


\^ND°u{x,t)\!^\ 

|/3|=3 


Substituting now e~ instead of e, we obtain (j2.21|) from the last two estimates 
in view of the definition of the expression A. 

Consider now (I2.22p . Let |q;| = 3 and let x,y G . We have 


XND^u{x,t) 


{xnD^u{x, t) - yNP^ujy, t)) 
\x - y|')'/2 


yr/^ + yND2uiy,t). 


Integrate this inequality in y over the set Qs = {y & R+ '■ \xi — yi\ ^ sA = -^}- 

According to LemmaEJ we have, dividing by Ce^, 


\xND2u{x,t)\ < {xND°u{x,t)) 


(7) 

X,j/ 2 ,R^ rj. 



J yND‘^u{y,t)dy 

Qs 


Integrating in the integral by parts and taking into account that the point x is 
arbitrary, we obtain (12.221) . 

The proofs of the others inequalities are completely analogous with the tak¬ 
ing into account (1^ . 
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A-I-'V _ 

Lemma 15 Let u{x,t) G (^ 2^/20 (^t), T < 1 . Then for |q;| =2,3 and with 
some S > 0 


\d{x)iD:ut:j/^^ < CT^ Hull 




\d{xf^Df4:ijl/^l < CT^ ||u| 


'' 2 , 7 / 2,0 


4+-Y ^±J. _ 

c, (Qt) 


|a| = 3, 

|a| = 2, 


'' 2 , 7 / 2,0 


v,u//’:4") + iu|(/’:4^) < CT^ 


' 7 / 2 , 0 - 


7 / 2,07 


M 4+ 4+a _ 


(2.28) 

(2.29) 

(2.30) 


Proof. Due to the possibility of the localization it is enough to consider the 
case of D = {x : xat > 0 } = , Dt = x [ 0 ,T] = R^^t > 

and u{x,t) is a function with compact support in the set {|x| < R,t G [0,T]}. 
Consider first the case |a| =3. Let t,t G [0,T]. Then it follows from (j2.13|) that 


|a:^^Dgu(x, t) - x]!,"^Dfu{x, f)| ^ \x]i^Dfu{x, t) - x^jl^Dfujx, f)| 1/4 

|i_i|7/4 |i_i|7/4+l/4 I I - 

(2.31) 

/ -i/o \ (7+1)/4 1 , 

<{xTD:uix,t)) T. < CT. Hull 

\ / j , ^2,7/2,0 

This means that 

<cri||„|| (2.32) 

\ / t , K _^_ ^2,7/2,0 

Consider now the properties (r^^D“u(a:, t) with respect to x. Let x,x G i?(/ and 
let Xjv < xn ■ Consider two cases. Let first h = |a; — s| < xn- Then we have 


^/2\x^N‘^Dfuix,t) - x''^^Dfuix,t)\ ^ ^/2X%^\Dfu{x,t)-Dfu{x,t)\ 

^ I ,-|,v — 


=3/2, 


3/2 I 


\x — x\^ 


\x — XV 


X 


,7/2 Fat 


3/2 —3/2, 


XL -X 


N I I TiOL 


N 


Df.u{x,t)\ = + 242 . 


(2.33) 


\x — xy 

For 24 i, sinse 7 G (0,1/2) and since u{x,0) = 0, we have with some xg G [x,x] 


4 

-^1 — IV /V I _I 

\x — x\ 


< xJI'^x^'^x]^ '^\VDfu{xg,t)\ < 


<CR\x%VD^uix,t)f°l 


(2.34) 
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And analogously for A 2 (since h = |a; — a:| < xn, xn xn xns) 

A 2 < Cx]^'^x^^g~'^\D^u{x,t)\ < CR\xND“u{x,t)\^2l < 

+ ,T 

<CnTi {xND^uix,t))^;^it) < CnTi \\u\\ (2.35) 

’ C2V/2,0 

Thus we obtain in the case h = \x — x\ < xn 

A < CijTi ||m|| i+-L , h=\x-^<XN- (2.36) 

Let now h = |a; — a;| > xn and we note that in this case xn < Xn + h < 2h. We 
have 




< CR\xND'^u{x,t)\^2l < CrT^ || m || ^ 


From (j2.36L (12.3711 it follows that 

(7) 


xy,"^ D'^u{x,t) 


■y/2,x,R^, 


C2,,/2.o («¥.t) 


< CrT^ ||m |1 4 ,,,4+1 




(2.37) 


(2.38) 


At last, 


xy^D<^u{x,t)\yi^ < CrT^ {xND^uix,t))l%y^ < CrT^ ||u|L4+.,i± 


^ 2 , 7 / 2 , 0 ^ (-^+,t) 

(2.39) 


Estimates (I2.32|) . p.38F and p.39|) prove (I2.28|) . 

Consider inequality (12.291) . Represent Xj^ D^u{x,t) as 


XN 

where a{x',^,t) = DxfjD^u{x 'Analogously (12.311) we have 




D'^u{x,t) - xy^D'^u{x,t)\ i/2^i/4 L-3/2 |Q(a^'.CA) -a(a:',CA)l 


< 


V 7/4+I/4 


< crt^/^ ixyD,,D:u{x,t)y'y;' ‘< crt^/^ i^h ^ 

\ / ^2,7/2,0 
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This means that 



< CrT^!^ ||?x|| 


c. 


2,7/2,0 


'(K.t) 


(2.40) 


1 /2 

The properties of D^u(x, t) with respect to the x variables are considered 
analogously to (12.381) on the base of (12.61) and this gives 


Xn 


u(x, t) 


(7) 






< 


<CiiTi (xND^uix,t))['^^t) <CRTi\\u\\ 4+^ 

T n ^ 4 ( 


(2.41) 


■"2,-i/2,0 


Now (12.291) follows from (12.401) . (I2.41|) . 

The proof of (12.301) is completely analogous due to the Newton-Leibnits 
formula and (j2.6|) . 

■ 

Below we will use also the following inequality for functions u{x, t), v{x, t) € 


I |(7.7/4) ^ C'T^/4U|(7,7/4)| ,(7.7/4) 


(2.42) 


This inequality is completely analogous to the well known unweighted case. 
We have the following assertion ([22]) Let x [0, 00 ) 


4+-^ _|_ 

Lemma 16 Let a function u{x, t) G ^ (Q )• Denote 


and denote 


where 


au= lim XjqDl u{x,t). 


Qu{xn) = - aln ^^^ xn, 


(2.43) 


(2.44) 


Denote further 


XN ? 


In*-^^ Xn = JJ 


0 0 


Qu{x,t) = -a„ln^^^ Xn + ^(x - e)“ + a^^h, 


l«l <2 


(2.45) 


(2.46) 


where a = {ai, ...,aN), cxl = ai\...aNl, e = (0, ...,1) G , (x — e)“ = 

X^\..X%^_-/ixN-ir^, 
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(^7v)) lx—e,t—0 ; CL^ ^ — Di{Vj (^7v)) lx—e,i—0 ■ 

Then the function Qu(x,t) has the following properties 

x^N^Df[u{x,t)-Qu{x,t)\\(^^t)=(0fi)='^, j = 0,l, |a| =4-j, (2.47) 


i^x ['u(x, t) Qii (^; ^)] I (a:,i) —(e,0) 


0; |Q^| ^ 2, T)t\u{x^t^ Qzz(^; ^)] |(x,t) = (e,0) — 0- 

(2.48) 


x^ ^D^Qu{x, t) = const, |a| = 4 — j, 0 < j < 2,aN < 2, 
At last for j <2 and |a| = 2 — j 


DtQu{x,t) = const. 

(2.49) 


D^iDl^Quixjt) does not depend on x' and t. 

In what follows we will use also the following Liouville theorem. Consider in 
the domain ( 5 + = {{x,t) : x G —oo < t < oo} the homogeneous boundary 
value problem for a unknown function u(x, t) 

dll 

— + V(x^VAn) = 0, {x, t) G Q+, (2.50) 


w(a;', 0 , t) = 0 , a^iv = 0 , 

or, instead of boundary condition (I2.51|) . the boundary condition 


(2.51) 


du{x', 0 , t) 


dx 


= 0, XN = 0. 


N 


Theorem 17 Let a solution to problem (12.501) . (12.511) (or (I2.50|) . 

longs to the class (^ 27/2 ^ i^n) “*^2/ compact set Kr = {|a;| 
i?} n Q+, i? > 0, and has a power growth 


(2.52) 

(1^3^ ) be- 
< R,\t\ < 


\uix,t)\P^ < CR^, 

where C and A are some positive constants. Then u{x, t) is a polynomial with 
respect to the variables x' and t. 

If in addition the function u{x,t) satisfies the initial condition u(x,0) = 0, 
then u(x, t) = 0 . 

This theorem was proved in [TB] in the case of boundary condition (12.511) by 
the method of local integral estimates, but all the reasoning of the proof a word 
to a word is applicable also to boundary condition (12.521) . Condition (12.511) is 
used in |18j only in the places of the proof, where some boundary integrals over 
{xn = 0} vanish. But all those boundary integrals vanish also under condition 
p.52l) . So we refer the reader to [18] for the proof. 
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Corollary 18 Let a function u{x) does not depend on t and satisfy the condi¬ 
tions of Theorem ] 17\ that is u(x) is a solution of power growth to the correspond¬ 
ing elliptic problem. Then u{x) is a polynomial with respect to x' - variables. 


3 Reduction of the problem to a fixed domain. 


We will show below, that the free (unknown) boundary St can be parameterized 
in terms of its deviation from the given surface Ft = F x [0,T]. We follow to 
pS] to give the exact formulation (compare [55], [24 ] ). 

Let u! = (wi,..., wjv-i) is some local curvilinear coordinates in a domain 0 
on F. In some small neighbourhood Af in of the surface F we introduce the 
coordinates (w. A) in the way that for any x G Af we have the following unique 
representation 


X = x'(x) + '^{x'{x))\ = x(oj) + lt{Lu)X, (3.1) 

where x'{x) = x(uj) is the point in the domain 0 on the surface F with the 
coordinates w, it (uj) - the normal vector to F at the point x(uj) with the direction 
into n. The coordinate X G R means, in fact, the deviation of a point x from 
F, ±A > 0 for X G ft OT X G R^ \ ft. We assume that the neighbourhood Af of 
the surface F is the set 


Af = {x gLI : |A(x)| < 7o}, (3.2) 

where Jq is sufficiently small and will be chosen below. 

Let p(x', t) = p{uj, t) is a sufficiently small and regular function and p{x', t) = 
p(a;, t) is defined on the surface Fy. Let us note that here and in what follows we 
use the notation p{ui,t) with the argument ui instead of p{x',t) for all functions 
on the surface F if it does not cause ambiguity. We do that just for simplification 
of the notation, bearing in mind that in each local domain 0 on F we can 
introduce local coordinates oj. At the same time the coordinate A in iu does 
not depend on a choice of local coordinates w. 

We parameterize the unknown surface St with the help of the unknown 
function p{u}, t) as follows 

St = Tp^T = {(xjt) G XIt ■ X = x'-\-p{x',t)lt{x') = x{uj)-\-p{uj,t)lt(uj)}, (3.3) 

where x' = x{uj) G F. Note that this definition of the surface St = Fp^T does 
not depend on a choice of local coordinates w in a particular local domain on 
F. Thus, the unknown function p{u},t) means, in fact, deviation of the surface 
Fp_T = St from the given surface F^. 

Along with Q in (|l.ll) we use the notation Llp T = Q. Let further p{x, f) is an 
extension of the function p(a;, t) from the surface F^ to the whole domain LIt to 
a function with support in the neighborhood AIt = A/" x [ 0 , T] of the surface Fj’, 
p{x,t) = Ep{u},t), where E is some fixed extension operator from Proposition 
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m Define a mapping ep{x,t) from x [0,r] on itself with the help of the 
formula Cp : {x,t) — >■ {y,T), where, according to the notations of (13.11) . 

{x'{x)+lt{x'{x)){\{x)+p{x,t)), xGAf, 

'' = 1 X, 

T = t, 

or, with the help of the local coordinates w. 


J x'{u}{x)) + n(u>(x))(A(x) + p(x, <)), x £ M, 
\ X, X € Q\M, 


(3.5) 


T = t. 


Here x'{x) € F, uj{x), X{x) are (a;,A)- coordinates of a point x in the neigh¬ 
bourhood Af. Note that the definition of the mapping Cp does not depend on a 
choice of local coordinates w on the surface F. We choose 70 sufficiently small 
so that under the condition 

< 70/2 ( 3 . 6 ) 

the mapping Cp is a diffeomorphism of x [0, T] on itself and also the mapping 
Cp is a diffeomorphism of the domain Dt on the domains ^p,T- Let us remark 
that the surface Fp^r is exactly the image of the surface Ft under this mapping 
and the mapping ep(a;, t) is the identical mapping out of the neighbourhood A/r 
of Ft. Note that since F is the initial position of the unknown surface Fp^Tj 


p(a;, 0) = 0, w G F, and thus p{x,0) = Ep{(jj,0) = 0,x G V, (3.7) 

and thus ep(x,0) is the identical mapping of fl onto itself. 

We make in problem (fTTl) - (IT31) the change of the independent variables 
(j/,r) = ep{x,t) and for simplicity denote the new function h[y,T) o ep{x,t) = 
h(x, t) by the same symbol. In the new variables (x, t) the problem become 

f)h 

^-VpPt + Vp(h2Vp(v2h)) = o, {x,t)enT, (3.8) 

h{x,t) = 0, {x,t) gTt, (3.9) 


dh 1 

on (1+Pa) 


N-l 

1 + ^ mij{x,p)pujiPujj 

i,j=^ 


gp{x,t) = 0, 


h{x,t) > 0, in open Dt, 
h{x,0) = ho{x), p(x,0)=0, X G D. 


(x,t) G Ft, 

(3.10) 

(3.11) 

(3.12) 
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p{x,t) = Ep{uj,t), (cc, t) G r^T, (w, <) S Ft- (3.13) 

Here Vp = SpVx, = {eij(x, p, Vp) : = l,iV} is the transition ma¬ 

trix from the differentiating in y to the differentiating in x under the change 
of the variables (1331) . that is for any function u{y,T) we have {'Vyu{y,T)) o 
ep{x,t) = Vp (m(j/,t) o ep{x,t)). Note that by the definition of ep{x,t) the el¬ 
ements eij{x, p,Vp) of the matrix 6p depend only on the surface F and they 
are given smooth functions of their arguments of the class Further, in 

^Mbh.p = [fi/(l +Pa)], gpix,t) = g{y,T) o ep{x,t) in (13.101) and mij{x,p) in 
(|3.10|) are given functions of their coordinates of the class (7®+^. The functions 
mij{x,p) depend not only on F but also on the choice of the local coordinates 

N-l 

w on F in the way that the expression ^ mij{x, p)punPuij in bracets does not 

*j=i 

depend on such choice (because all other terms in (I3.10|) do not depend on w). 
Note that the function ho{x) in (j3.12|) is the original initial function from (II. 5|) 
because the mapping ep(x,0) is identical at t = 0. 

Let us explain for completeness the obtaining of conditions (13.81) . (13.101) from 
conditions dni, (HH) - compare [23]. Denote by (ujy, Ay) the (w, A)- coordinates 
of the point y and by (ojx, Ax) the (oj, A)- coordinates of the point x in N. The 
expression ^ — bh^pPt is the recalculated in the variables (x, t) derivative ^ 
after change of variables p.Sp : 


N-l 


dh dh dt d^xi dh dAx 

dr dt dr ^ ^ dujxi dr dAx dr 

1—1 


Here in fact 


dt dojxj 

— = 1 —— = 0 

dr ' dr 


And for the value of due to the relation 

OT 

Ax = Ay - p{x,t) oep\ 
and taking into account (I3.14p we have 

^ t) o ep{x, t)-^] = 


(3.14) 


N-l 


dp dt dp dAx dp dojxi dA 

~ — —5;^ = -Pt - P\ 


dt dr dAx dr ^ dujxi dr 
1—1 


dr ■ 


So in the variables x and t 


dr 


— -PtUX +PA*)- 


Thus, from (13.141) and (13.151) it follows that 


dh dh dh dh 


(3,15) 
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We explain further the transition from condition (11.31) to condition (13.101) 
under change of variables (13.51) , as we shall need in the future the exact explicit 
form of this condition. Define in the neighborhood Mt of the surface Fr the 
function 


^p{y,T) = XxOep^{y,T) = Xy- p{x,t)oep^{y,T) = X{y) - p{y,T), (3.16) 

where for simplicity we have retained for the function p{x, t)oe~^{y, r) the same 
notation p{y,T). By the definition we have |$p(y, r)| > 0 for (y, r) ^ Fp^r and 
<i>p(y,r) = 0 for (j/,t) e Fp^y- Ffence, in ((F3|) 

/—V \ ^ PVi 

Therefore, relation can be written as follows 

{Vyh,Vy^p) = g{y,T)\Vy<^>p\. (3.17) 

Finder change of variables (13.51) we have 


{Vyh,S/y^p)oep{x,t) = {Vph,VpXj;), \Vy^p\oep{x,t) = \VpXx\. (3.18) 

Denote by A(j;) the transition matrix from the gradient with respect to the 
variables x to the gradient with respect to the variables {uJx,Xx), that is, 


Va; — A(a;)V(Ax,i.iJx) 

(V, 

= A(2 /)V(a„,^ 

m ))’ 

(3.19) 


( dX 

dxi 

duji 

dx\ 

duiN-l \ 
dxi 



A{x) = 

\ dxN 

duj\ 

dxN 

duJN-l 
dxN / 

■ 

(3.20) 


and similarly for the variables y. Then in the variables {x,t) 
{Vph,SJpXx) = (fpAV(A,a;)h,fpAV(A,c,;)Aa:). 


Note that = {1,0, ...,0}, and also h = 0 on Ft, hence dh/dwi = 0, 

and therefore 


= {^, 0 ,..., 0 } = ^{ 1 , 0 ,..., 0 } = 


dXx 


dXx 


Thus we obtain 


Oh 

{Vyh, S/y^p) O ep(x, t) = {Vph, VpXx) = ^j^(VpXx, VpXx), 


that is in view of (13.181) in the new variables condition m become 

dh 


dX, 


[(VpAa;, VpAa;)] ^ - 9pi^T^)- 


(3.21) 


(3.22) 
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On the other hand, due to the definition of $p(2/,r) 

(VpAa;, VpA,j) = {y y{\j; O e~^),Vy{Xj; O e~^)) O Cp = (Vy$p, Vy$p)oep. (3.23) 
Making use of introduced in (13.191) matrix A(y), we have 


(Vy$p, Vj,$p) = (A(y)V(A„,,.,)$p,A(y)V(A„.,.j$p) = 

= (V(A,.<.„)$p,A(2/)*A(2/)V(A,.<.„)d>p). (3.24) 

First, by the definition of $p 


^ ^ (\ - ^)) = -P-^yi ■ (3-25) 

ULfJyi OuJyi 

In addition, since the coordinate Ay is counted along the normal to F, and ujyi 
are coordinates on the surface F, we have 


(VyA(?/), VyA(y)) = 1, (VyA(y), Vyu;*)?/)) = 0, i = 1, ..., A^ - 1. 
Therefore the matrix A*{y)A{y) has the form 


A*iy)A{y) = 


( 1 
0 


0 

mil 


0 

mi2 


0 




y 0 m(iv-i)i ™(iv-i)2 


Wl(Af-l) 
W(iV-l)(iV-l) j 


(3.26) 


where 

Ulij = TTlji = (VyWi)?/), VyWj(j/))- (3.27) 

are some smooth functions. Thus, 


(V(A„,<.„)$p,A*(y)A(i/)V(A„,<.„)$p) = 


N-1 


= (1 - m^jiy)Pi^yiP‘^yj- 

i,j=i 


(3.28) 


Make now in (13.281) change of variables (13.51) , and recalculate the derivatives of 
p with respect to {Xy,ujy) in terms of the derivatives with respect to {Xx,i^x)- 
We have 


dt dXx duj 


(3.29) 


V 


From the definition of the mapping Cp it follows that 


_ dujxi _ „ 
dXy “ ’ dXy ~ ' 


(3.30) 
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At the same time by (I3.29p . (13.301) 


9A, , . dX, 

= 1 - PA„ = 1 - PAxTT^, 


dX^ 


5A, 


that is, 


1 


dXx _ _ 

dXy 1 + PX^ 

Therefore, by (I3.29L (|3.30|) and (13.311) 


p\ 

Px, ° ep = — 


Pa,, 


Further, 


and 


dt 

Puiyi o ep = Pt -5 -1- Pa, 




dXx duJxj 


1=1 


duj.^ 

At the same time 

d{Xx O Bp) 
dUJyi 


dt duJxj „ • ■ 1 Ar 1 

— 0, ... — t J — I;-'-; 1 • 


dbJy 


duJi 


-(Ay -p(p,r)) 


o Gp — PbJyi O 6 p 


That is, by virtue of (I3.33P and (I3.34L 




hence by (13.351) . 


Puiyi ° Cp - 

Thus, from (I3.2ip . (I3.28|) . (13.321) and (I3.36P it follows that in (13.211) 


( VpAa,, VpAa; ) — 


1 


(1 + Pa,)^ 


Af-l 

1 + ^ m,y{x,p)py,^,Pu. 

j.i=i 


(3.31) 

(3.32) 

(3.33) 

(3.34) 


Pl^yi ° Cp) T Pt^xil 

(3.35) 

_ Ptx>xi 

1 + PA, 

(3.36) 


(3.37) 


Taking into account (13.221) and condition (13.61) with 70 sufficiently small, we 
arrive at (l3.10l) . 


4 A linearisation of the problem (13.81) - (13.121) . 


We will consider the set of left hand sides of (13.81) - (13.121) as some nonlinear 
operator on the pair [h, p). In this section we describe an approximate solution 
(ic, cr) ~ (h, p) to (13.81) - (13.121) for small T > 0 and extract the linear parts of 
(13.8p - (j3.12l) around this approximate solution in terms of {h — w, p — a). 
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From relations (13.81) . (13.91) . and (13.121) s.s dh/dt = Q on Tt , it follows that 
we can determine the value of Q)/dt on F at t = 0. Namely, from (13. 8|) it 
follows that 




dt 


dn 


(4.1) 


From condition (11.221) it follows first that ho(x) ^ vd{x) near F and then it can 
be checked directly by the definitions and from Lemma [5] that 

(4.2) 

From (14.2p it follows that 


p^^\x) = Ep^^\u) e ^ (4-3) 

Now we can determine the initial value of dh/dt from equation (13.8F We have 


h^^\x) = ^(a^,0) = - V(/ig(x)V (v2/io(a:))). (4.4) 

From (14.3p and (14.4p it follows that 

l'*‘'’(-)ll7lnSC(|koll‘;’2)- (I-S) 

Consider functions w{x,t) G C'2^y2 ^ (^t), CT(a;,t) S (72+772,i+774('pj,)^ 
a(x,t) = Ea{uj,t) G ^ (^t) with the properties 


(4+7')_ 

2,-fi I2.Q.T 


+ kl 


(4+7')_ 

2,772,Or 


<C{\ho\ 


(4+77 

772,0 






■)< 

(4.6) 


<C(|ho| 


(4+77', 

772,0b 


w{x, 0) = h(x, 0) = ho(x), 


^{x,0) = ^{x,0) = h^^\x), xGn, 


(4.7) 


w{x,t)=0, {x,t)GTT, 


(4.8) 


cr(a:,0) = p(x,0) = 0, —{x,0) = -£{x,0) = p^^'>{x) x G n. (4.9) 

The way of constructing such functions will be given below in Section [71 Propo¬ 
sition jsH 
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Lemma 19 By choosing the length T of the time interval sufficiently small we 
can assume that 


dw{x, t) 
dn 


> V > 0, 

Ft 


w{x,t) > 0, X £ v,,t £ [o,r]. 


(4.10) 


Proof. Really, in view of properties (11.221) of hQ{x) and (12.101) we have for 
{x,t) £ Tt 


dw{x,t) dhQ{x) f dw{x,t) 5/io(x) 


dn 

1(4+7') 


dn 


V dn 




dn 

2±V 


> 


>n/2>0, 


that is the first relation in (14.1011 if T is sufficiently small. Now from this and 
from (j4.8l) it follows that for some sufficiently small ^ > 0 


w{x,t) > 0,0 < dist{x,dfl) < fi,t £ [0,T]. 

Denote the rest of D by = {a; G D : p, < dist{x,did)}. In view of (11.221) on 
this compact set ho{x) = w{x,0) > n > 0 and therefore for x £i}f_i 

w{x, t) = ho{x) + {w{x, t) — ho{x)) > 


> ^ - k.lgr > ^ - c(ih\’yf'f)T > +2 > 0 

if T is sufficiently small. Thus for such T = T{ho) we have (I4.10p . 

■ 

~-4 + -y ‘^ + T 4_(_-y ^ + T 

Denote by p (^t) the closed subspace of ^ (^t) consisting of 

function u{x, t) with the property 

u{x,t)=0, {x,t)£rT- ('i'll) 

Define the space H = (^ 27/2 0 x and define for r > 0 a 

ball Br = Br{0) in H as 


Br = {iJ = {u, 6) £ H: ||^/>|| = + ||5||c2+w2,i+7/4(r,r) - 

We suppose that r < 70 , where 70 is from condition (ITBI) and we will choose 
sufficiently small r below. We represent unknown functions h(x,t) and p{uj,f) 
in (13.81) - (|3.13p as h{x, t) = w{x, t) -\- u{x, t), p{oj, t) = cr(w, t) + (5(a;, t) with new 

unknown functions u{x,t) £ ^2 772 0 and S{uj,t) £ 

Such defined functions h and p satisfy initial conditions p.121) and condition 
dSH) automatically. Analogously to the proof of (14.101) we can choose the radius 
F < of Br so small that for any tp = (u, S) £ B^. we have 
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d{w + u) 


dn 


> > 0, w[x, t) + u{x, t) > 0,x G € [0, T], (4-13) 


The proof is similar to the proof of (14.101) . For example, 


d{w + u) 

> V- 

du 

dn 


dn 


( 0 ) 


>v — r > V > 0, 


that is the first relation in (14.131) . The second relation is also proved similar to 
the second relation in (14.101) . Thus for 


T < T{ho), r < r{ho) 


(4.14) 


relation (I3.11|) is also satisfied automatically for {u, S) G Br- 

Write conditions (j3.8|) . (j3.10|) as ('0 = {u,S) G Br, h = w + u, p = a + S) 


f)h 

Fi(0) = —-[—/(l + pA)]pt + Vp(/z2Vp(v2/z))=0, {x,t)G^}T, (4.15) 


^2(0) 


dh 1 

= -r 

dn (1 + Pa) 


N-l 

1 + ^ m^j{x,p)pu,,pu^^ 


1 . 

2 

-gp{x,t) 


0, {x,t) G Ft, 

(4.16) 


S{x,t) = Ed{uj,t), {x,t) G ilT,{uJ,t) GTt- (4-17) 

Lemma 20 The values T{ho),r{ho) in (14.141) can be chosen in a way that 
the mapping F{'tp) = (Fi(0),^2(0)) is well defined as a mapping from B^. to 
(Q,t) X and this mapping is continuous Frechet differ¬ 

entiable on B^. 


Proof. Consider first the operator ^2(0). Since CT(a;,0) = 0, (5(a;,0) = 0 and 
the functions mij{x,p) are smooth functions of their arguments, exactly as at 
the reasonings for the proof of (|4.13l) we can choose T{ho),r{ho) so small that 
in (14.161) 


IpaI < 1 /2, 


N-l 

^ m,j{x,p)p^,p^^ 
* j=i 


< 1 / 2 , 


{u, d) G Br, 


(4.18) 


where p = a S. Further, from Proposition [TUI it follows that for {u,6) G Br 


dh 

'm 


PA = aA + <5 a, P., = + <5^. e c^+i/2,(2+-i)/A^YT). (4.19) 
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In addition, since g{y,T) G x [0,T]) and the functions mij{x,p) are 

smooth functions of their arguments, it follows from the same proposition that 
the compositions 


gp{x,t) = g{y,T) o ep{x,t)\rT,mij{x, p) g (4.20) 

From (14.181) - (14.201) it follows that the operator F2('0) is well defined as an 
operator from to Moreover, since the functions g{y,x) 

and TOy (x, p) are smooth, under the condition (I4.18P the right hand side of (I4.16|) 
is a C^-continuous function of it’s arguments dujdfi^ S, Sx, for {u,6) G Br- 
Thus, F2('0) defines a Frechet continuously differentiable mapping from Br to 
(jl+'y/2,{2+'y)/4^Yrpy 

Consider now Fi{tp). Directly from the definition of ^ (^ t ) it follows 

that the terms dh/dt and [fx/(l + P\)]Pt in the definition of Fi('0) are con- 
tinuosly differentiable mappings from Br to (one should take into 

account also the condition |pa| < 1/2 in (14.181) 1. Write the third term in (I4.15|) 
as {h = w + u, p = a -\- 6) 

^pih^^P i^lh)) = (V»+2h(Vph, Vp (V») = /i(^) + /2(^). (4.21) 

Consider the term with the highest order since the situation with /2('0) 

is completely similar. Let d{x) is the function in (I1.15|) from the definition of 

the space ^ (^t)- From (14.131) it follows that we can choose sufficiently 

small p > 0 with 


|V('u; -b u)| > z/ > 0, a: G Dp = {a; G D : /i < dist{x, i9D)}, t G [0, T], 

Choose a small p G (0,7o/4), where 70 is from (|3.2I) . denote Dp_T = Dp x 
[0,r], Dp = {a; G D : ^ < dist{x,dfl)}, and represent the expression h{x,t) = 
w{x,t) +u{x,t) in Dp^T as (we use also (a;,A) coordinates) 

1 

h{x,t) = X(x) [^(uj(x),9X(x),t)dO = 

J oX 
0 


= d{x) 

Then we have in Dt 


^|^y|^(w(a:),6»A(a:),t)d6» I =d{x)A{u). 
0 


(4.22) 


h{x,t) = d{x)A{u), {x,t)&^T, 
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where 


A{u) = 


h{x,t)/d{x), ix,t) G ^T\^fj./ 2 ,T 


(4.23) 


and directly from the definition of A{u) it follows that A{u) is a bounded linear 
map from Br to Thus 


h^{xA) = d^{x) {A(u))^ {x,t)&^T (4.24) 

and evidently that the mapping u —>■ {A(u))'^ is continuously differentiable from 
Br to C:i’/J\TiT). 

Consider now fi{ip) from (14.211) . Since 


we have 


(Vp). 


'^eij{x,p, Vp) 
1=1 


d 

dxj’ 


K iKh) = 



Vp) 


dxidxj 


'^b,jk{x,p, Vp) 


d'^p 

dxidxk 



h = 


= ^aW 74 “h+ ^ ^ a%^^DZhDlpD-,p+ 

|a|=4 |a|=3.|P|=2 |a|=2,|P|=2>|=2 

+ E ^%DZhDip^ Y. ^f,pDZhDPp+ 

|a|=2,|P|=3 |a| = l,|P|=4 

+ E ^''Sp,.DZhDipD-p+ Y <^%,.:,.D'^.hDipD-pD-p 

I“I = 1.I/3|=2>|=3 |a| = l,|P|=2>|=2.|>r|=2 

7 ^ 7 ^ 

= ^AW(V^)=^AW(n,<5), (4.25) 

where the coefficients p.Vp) are some smooth functions of their 

arguments. Consequently, 


7 7 

/i(^) = iylh) = {A{u)f Yd\x)A^^\i;) = {A{u)f E^^*^ W' (4-26) 

2=1 2=1 
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Directly from the representation (14.261) and from the fact that D'^p{x,t) S 
(due to the properties of the extension operator Ep{uj,t)) it fol¬ 
lows that and thus fii'tp) are continuously differentiable mappings from 

Br to Really, for example for we have 


a‘'^'>{x,a + S,Vcr + VS) {d‘^{x)D^w + d‘^{x)D^u) . 

\a\=4 


This expression is affine with respect to d^{x)D'^u and is smooth with respect 
to (5, Vi5 and thus it is smooth with respect to '0 = (u, d) from to {VIt)■ 

Analogously for A^^'> (0) 


al^^^{x,a + 6,Va + VS)D^{w + u){d^{x)D^a + d‘^{x)D^S) 

\a\ = l,\P\=4 


and this mapping is also smooth with respect to 0 = (m, S) from Br to 

Other operators in (14.261) are considered in the same way. 

Completely analogous considerations for the operator 02 (0) finish the proof 
of the lemma. ■ 

Now we are going to find explicit representations for the Frechet derivative 
F'{0) of the operator F(0) = (Fi(0), ^2(0)) at 0 = 0. For this we note first 
that for a C^-smooth function f{x,t) the Frechet derivative of the composition 
f o ep{x,t) = f ° ea+s{x, t) with respect to 6 is the linear operator ([30]) 

[f oep{x,t)]'s [iJ] = -^f °ea+es{x,t)\e=o = (4.27) 

In fact, (14.271) follows directly from the definitions with the help of (w, A)- 
coordinates. We have 

oe^+e 6 {xA)\e =0 = ^/(^(a;), A(a;) +a{x,t) + eS{x,t),t)\e=o 
that is (14.271) . 

Consider first the operator ^ 2 ( 0 ) in (I4.16F The Frechet derivative ^(^(O) 
can be found directly from the definition of ^ 2 ( 0 ) and we have {d/dX = d/dn 
on Ft) 


A^(0) [iu,S)] = a^^^^{x,t) - a^^'>^{x,t) + 


N-1 


Su„+a^^^S, (4.28) 


where 
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a« = 


1 


N-l 


a(2) = 


( 3 ) 

ai = ^ 


(1 + <7a) 
dw 1 

m{l + axy 

1 dw 1 


1 + ^ mij{x,a)auiiCru. 


i,j=i 

N-l 

1 + ^ mij{x,a)acjiau. 
i,j=l 

N-l 

1+ ^ m^j{x,a)aui,a-^^ 

*,i=i 


2 dn {1 + a\) 

/ N-l 

X y^{mji{x,a) + mij{x,a))a, 


aW = 


i=i 

1 aw 1 


2 dn {1 + ax) 


N-l 


N-l 

1+ ^ m^j{x,a)ac^,ai^ 

*j=i 


E dm^j{x,a) \ dgoea{x,t) 

- ^\ + 

uj=i 


dn 


(4.29) 


(4.30) 


(4.31) 


(4.32) 


Consider now the operator Fi{ip). This is a usual quasilinear differential 
operator inside Hr with the subsequent closer of the result (in the usual way) 
up to the closed domain Thus it’s Frechet derivative is a linear differential 
operator inside Ht with the subsequent closer of the result (in the usual way) up 
to the closed domain fix- Since all operations in the definition of Fi {ip) are local, 
the coefficients of this linear differential operator at any point {xo,to) € fir are 
completely defined by the behavior of w, u, cr, and 5 at any small neighbourhood 
around (a;o,to)- This permits us with the aim of calculating the explicit form 
of the derivative [F’i'(O)] [(w, 5)] to fix arbitrary point {xo,to) & and suppose 
that w(x,t) and u(x,t) have compact supports in a small neighbourhood of 
(xo, to)- The goal of this is to have the compositions of the form w o ep(x, t) well 
defined in Q.t- 


§ - (V») 

Consider the expression 

/i(V^)^Vp(/i2Vp(V») (4.33) 

in the definition of Fi{ip). It can be checked directly that 

f[{0)[u,S] = + eu)'^'^a+s5 (w + £m)) ) |e=o = 
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= V,{2wuy, (v») + (V^m))+ (4.34) 

+ ^Vcr+e5(l(; Vcr+ei (^cr+ei'*^) ) |£=0- 

To calculate the last derivative, note that according to the definition of Vp we 
have for any differential operator L(V) with constant coefficients and for any 
function v 

[L{V)v] o ep{x,t) = L{Vp){v o ep{x,t)). (4.35) 

Note also that according to the definition of the transformation ep{x,t) (which 
is in fact the p-shift along the A- coordinate) 

epi+p 2 {x,t) = ep^{x,t)oep^{x,t), e~^ = e-p{x,t). (4.36) 

Thus the last term in (14.341) can be represented as 


Va+es{w^ya+e& (V^+e5^«)) = (V((w O C-a-esf^ (V^W O e-a-es))) O e^+ei = 
= {S/a{{w O B-esf'Va (V^W O C-e^))) O BeS- 

Therefore 

a+esiw Vcr+e5 (^cr+£5'*^) ) |e=0 = 

= -V.(2u;^AV,,V» - V„{w^y,Vl^5) + <5. 

(4.37) 

By simple algebraic transformations we obtain for the first and the second terms 

- V<,(2u;|^(5V<,V» = -V,(2u;|^V<,V» • <5 + ^ (4.38) 

l«l=i 


-v.( 


dw 


: V,(2u;^V,V» • (5 - 5- 


(4.39) 


where 


dw ^ 


,(u;"V,V2j)+i?i[5], 
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( 1 ) 2 
Cl\ aW 


Rl[^] = X! “a./3 
|a| + l/3|=4. 

|c<|<4,|/3|<4 




l“l + l^l=3. 
|a|<3.|/3|<3 


dX 


I^,l_l_l/Ql—O ^ '' 


l«l + l/3|=2. 
|a|<2.|/3|<2 


and 


(4.40) 


i—1 a,I 


'7/2,Qj 


(4.41) 


From (14.341) . (14.371) - (14.391) it follows that 


f[mu,S] = V„(n;2v, (vlu))-^V^{w^S/^ylS)+V^{2wuV^ (V»)+i?i[<5]. 


The Frechet derivative of the rest of the operator Fi {tfj) 

/2(V') - 

can be calculated directly and we have 


(4.42) 

(4.43) 




dw dS _ 


_ du f -.-idwX 86 n r n 


From (j4.42l) and (|4.44l) it follows that 

du 


F((0)K(5] = 


dt 


+ V„{w^V^ {Wlu)) 


(4.44) 


,, 85 8w^ , n„ „9 c-N 

4+ 




where 


(4.45) 


R[u,6] = R 2 [u,S]+ ^ai°)L'“(5-PV^(2n;MV„(V»)-hi?i[^]. (4.46) 


|a| = l 
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Note that the linear operator R[u, <5] contains only lower order terms and we will 
show below that it’s norm can be made arbitrary small by choosing sufficiently 
small T > 0. Thus we obtain the following proposition. 

Proposition 21 The operator F{tjj) = (Fi(■!/)), F 2 (■)/')) is Frechet-smooth on 
Br —>• and it’s Frechet- derivative F'(0)[m,5] = 

(F{(0)[u, <5], 1 ^ 2 ( 0 )[U) <5]) is defined by (j4.28|l . (14.4511 . 

Now we use the special way of construction of the functions w{x, t) and 
a{uj,t) and show that the value ||F( 0 )|| is sufficiently small for small values of 
the time interval T. This means that '0 = 0 is an approximate solution of the 
equation F{'ip) = 0 for small T > 0. Consider ^ 2 ( 0 ), 


F2{0){x,t) 


dw, . 1 

dn (1 Tcta) 


N-1 

1 + ^ mij{x,a)au,iCrujj 


9 a{x,t). 


Since w G ^ (^t), ar(cv,t) G functions TOy(a;,cr) 

are smooth, it follows from Proposition [10] about traces that F 2 ( 0 )(x,t) G 
( 71+7 / 2 ,( 2+7 Moreover, since cr(a;, 0) = 0 and w(x, 0) = ho(x), 

r)h 

F 2 ( 0 )(a;, 0) =-^(a;)- 5 ( 2 :, 0) = 0, xST 

as it follows from compatibility condition (11.241) . Thus F 2 ( 0 )(a;, t) G Cq'*'^ / 2 .( 2+7 )/4|-p^^ 
and since 7 ' > 7 , it follows by ( 1 ^ that 


l|J"2(0)|l <71 + 7/2,( 2 + 7 )/ 4 (ry) < CT^ ||F2(0)||<7i+772,(2+7')/4(r,) < C(ho,g)T'^. 

(4.47) 

The considerations for T’i(O) are completely analogous. We have 


Fi(0)(x,t) = ^ - [^/(l + a^)]a, + V,(w^V, (V») G 

and from the way of the construction of w and u it follows that Fi( 0 )(a;, 0 ) = 0 
that is T’i(0)(a;,t) G 0 ^ (^x)- Thus we have on the base of (|2.9I) 


||Fi(0)||p7,7/4(^^) < ||Fi( 0)||^7;,774(^^) < C(ho)T'’ 

From (14.471) and (14.481) it follows that 

11 ^( 0 ) ||(77^7/4(Q.j,)xCl+7/2,(2 + 7)/4(r7.) — 


(4.48) 


(4.49) 
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5 The Schauder estimates for model problems 
in the half-space. 

Denote H = = {x = {x', xn) S : Xn > 0 }, Q'^ = {{x.t) : a; G i/, t > 0 }, 

Q = {(x.t) : X € H,—oo <t< cxd }, = {{x',t) : x' G R^~^,t > 0 }. For a 

function u{x,t) G ^^27/2 * (Q^) define 


{{xjfDl.u}} 


4 V \(7)(10)(£-H) _ 


sup X 
(a:,t)eQ+,^>ea;jv 


I Alo 
7/2 \^h,x 




N 




,z = l,iV, 
( 5 . 1 ) 


„2 774 „A\(7)(10) ^ 




7 / 2 !^^% {xNDl,u{x,t)) 


'l/2,Xi,Q+ 


{x,t)GQ+ ,h>Q 


h-f 


,l = GN, 


//n \\(7/4)(10)(e+) _ i^tu{x,t)) \ 


{x,t)^Q+ 


/i7/4 


(5.2) 


N-1 




- E «A, ( 5 . 3 ) 

(5.4) 


d7/4),(10) 


//„\\(4+7)(10) ^ //.„\\(4+7)(10)(0+) 

\\“//2,7/2,a;'.t,Q+ “ \\“//2,7/2,a;',t,Q+ 
and analogously with respect to all variables 

N 

((«))2^72!q4 ^ E 

where for a function v{x^t) we denote Ah^xiV{x^t) = v(xi,...Xi + h,...XN,i) — 
v{x,t), Ah,tv{x,t) = v{x,t + h) -v{x,t), A^^^.v{x,t) = Ah,Xi {A'l~^.v{x,t'^, 

= A.t (^Al-]v{x,t)y 

It is important that it was proved in |22j that seminorms ((u))2E"2^Q+^ 
{u)^2^^2Q+ (from (11.201) ') are equivalent 


\\“//2,7/2.Q+ — \“/2,7/2,Q+ ’ 


(5.5) 


Lemma 22 Let functions f{x,t), g{x',t), ip{x',t), andip(x) have compact sup¬ 
ports and 


f{x,t) G C^^’/J\Q+),g{x',t) G ci+^/2d/2+7/4(G,+ )^ 
ifiix', t) G C2+^/2.1+7/4(G'+), g C,"+;,(i?^). (5.6) 
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Let a function u{x,t) S G^X/’2 ^ ® compact support satisfy the fol¬ 

lowing initial boundary value problem in Q'^ 


dxi 

Lx,tu = -^ + V(a;^VAu) = f{x, t), {x, t) e Q+, 

(5.7) 


fill 

, 0 ,t) =g(a; ,t), (a;,t)eG+, 

(5.8) 

and 

u{x, 0 ) = ip{x), X € 

(5.9) 

//„A\(4+7)(10)(e+) > 1 //„,\\(4+7)(10) 

\\“//2, 7 / 2 ,a:'.t,Q+ - 2 ' 2,-i/2,x',t,Q+ ' 

Then for any e,p, > 0 there exists a constant > 0 with the property 

(5.10) 




2,'rl2,x',t,Q+ — (^(f)^j/2.,Q+ + ( 9 ) 

> (7) 


(1+7/2.1/2+7/4) 
G+ 


/,/,\(4+7) 

\V/2.7/2.fl:'7 


+Ai(a;ir£'x^,w).^/2,3;^,Q+ ■ 

// instead 0 / (15.81) //le function u{x, t) satisfies 

u{x',0,t) = (p{x',t), (x',t)&G~^, 


(5.11) 


(5.12) 


then 


{{u)) 


(4+7)(10)(e+) 

2 , 7 / 2 ,a;',t,Q+ 


<a 


\\Jh/2,Q+ 




+/1 


(7) 

7/2,xw,Q+ ■ 


+ (V-) 


(4+7) 

2,-i/2, 


) 


+ 

(5.13) 


Proof. 

We prove only (15.111) since the proof of (15.131) is absolutely identical to that 
of (I5.11|) . The idea of the proof is taken from [3T] and is adopted to the weighted 
spaces for the degenerate equation with variable coefficients as it was done in 

m- 

The proof is by contradiction. Suppose that (j5.11|) is not valid. Then there 
exist p, > 0 and a sequence {Mp(a;,t)} C 1^2 7/2 (Q"*")! P = Ij 2,..., , with the 

property (|5.10l) and with 


111 , \\(4+7)(10)(e+) 
^^“^’^^2.7/2.Q+ 


+p,(a;^i:»^^Up)^'^2,a;„,Q+ ^ 
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where fp, gp, and i/'p correspond to Up in relations (15.71) - (15.91) . From (15.101) it 
follows also that 


" 2.,-f/2,x>,t.Q^ — " ^''2, 7 / 2 ,a;',t,Q+ “ " ^" 2,'t/2,x',t,Q^ ' ' 

Denote Vp{x,t) = Up{x,t)/ . Functions Vp{x,t) satisfy (15.7|) - 

(j5.9|) with the right hand sides 


ff> =/,/ .af’= 9./ .d"=vv/ 

For the functions {r;p} we have from (15.141) 




( 7 ) 

7/2.Q+ 


(1)\(1-H7/2.1/2-H7/4) 

/g+ 




( 4 - 1 - 7 ) 

2,-i/2, 


I / 2 7-i4 \(7) 

(a:^D^j^Wp) 7 / 2 _^^ g+ . 

And from the last inequality and from (15.151) we infer that 

( 7 ) / (l-H7/2.1/2-h7/4) / ,,^\(4-H7) 


4^) 


7/2,Q+ 


(l)\(l-H7/2.1/2-h7/4) 

Ig+ 


+ {i-?) 


1 

2 . 7 / 2 ,fl^ p 


1 < < 2 ^ 2 , {xiDt^vp^i 


1 

' 2,-i/2,x',t/Q'^ — ~ "'^" 2 , 7 / 2 ,£i;',t,Q^ “ \~ 9'‘- P / -f/2,x n ,Q+ “ 

(5.16) 


(5.17) 


The last two inequalities together with (15.5p imply that 

1 < (up)^^+^^_+ < C{g). 

Since 1 = ) there is a term in the definition of 

which is not less than some absolute constant v = v{N) > 0. This is valid 
at least for a subsequence of indexes {p}. We suppose, for example, that for 
some multiindex a, |a| = 4, a^v = 0, 


Xj^D'^,Vp 


\ (7)(10)(e+) 

) _, > > 0 , 

/7/2,x',Q+ 


p=l,2,. 


(5.18) 


The all reasonings below are completely the same for all other terms in the defini¬ 
tion of (15.181) and from the definition of 


it follows that there exist sequences of points {{x^P\t^P'>) € Q} and vectors 
G H} with 


' 7 / 2 ,£c',Q+ 
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and with 




hp = \ > p=l,2,... 

^/2 , \{x^prD^,Vpix(P\t(p)) 




V 

^ 2 > 0 - 


(5.19) 


(5.20) 


We make in the functions {i^p} the change of the independent variables (x, t) 

(.y,T) 


Xi = x[^^ +yihp,i=l,N -1,XN = yNhp; t = + h^T (5.21) 

and denote 

Wp{y, t) = h~^'^+^/'^\p{x'^P'^ + y'hp, yNhp, + rhl), (5.22) 

fp\y:T) = +y'hp,yNhp,t^‘P^ +Thp), 

9p\y,'r) = +y'hp,yNhp,t^P^ +Thp), 

i^pHy) = + y'hp, yNhp). 

It can be checked directly that the rescaled functions w^p^ (y, r) satisfy relations 
(IQ) - dSH) with the right hand sides fp^'^ {y, r), {y, r), ip^'^ (y) in the domain 

q(p) = {(y,T) : yiv > 0,T > T^P'> = -t^P'>/hl}, (5.23) 


O 

Ly,TWp{y,T) =-^+ S/y{yjfVyAyWp) = f^‘^\y,T), {y,T)eQ''P\ (5.24) 


|^(2/',0,t) = y(^)(y',T), (y^r) G G^p'‘ = H {yN = 0}, (5.25) 


Wp{y,T^^"') = ip^‘^\y), yGR^- 
And also it can be checked directly from the definitions that 


(5.26) 


(w 

^ 2 , 7 / 2 , 




(2)\(1+7/2.1/.2+7/4) , (1+7/2,1/.2+7/4) ^ ^ (4+7) 

9p /g(p) =\ 9p /q+ 




( 4 + 7 ) 

' 2,7/2,fi" 
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Thus from (15.171) it follows that 


and from (15.1611 we have 


1 < (Wp) 


(4+7) 


< Cifi). 


(5.28) 


(1+7/2.1/2+7/4) / ,„.,\(4+7) 1 

4 / / +\V'p / <-■ 

Besides, from (j5.20|) we obtain 

\A%,{y^^^rD^Wp{P^P\0)\ > vjl, 

where 


(5.29) 


(5.30) 


V^N IK-> = h^’^'^lhp, \e^P'^ \ = 1, = (0',y^^). (5.31) 

Denote by (5p(2/, 1") = Qwpiy,T) the ’’Taylor” function Qwp{y,T) for the function 
Wp{y,T), which was constructed in Lemma fTBl 

Qwp {y, t) = Qp{y, t) = In^^^ y^ + 


Denote rp(y,T) = Wp{y,T) — Qp{y,T). From Lemma ITOl it follows that 
y^~'’^yi'p(2/>i')l(y.D=(o,o) =0, j < 2, |a| = 4 - j, 


(5.32) 


1”) I (y,T) = (e,0) 0 , |(a| ^ 2, Dr'l"p{y : '^^\(y^r) — {e,0) 0 - 

Recall that 


(5.33) 


ylf ^DyQp{y,T) = const, \a\ = 4 - j,j = 0,1, DrQp{y,T) = const. (5.34) 


Consequently, from (15.341) and from the definition of Holder classes in view of 
(|5.28|) it follows that 


^ ^’^2.7/2.Q<’” P ^^2.7/2.q'^> 


(5.35) 


Besides, from (I5.32F (15.341) it follows that the functions rp{y,T) satisfy rela¬ 
tions ([Sm])- (15.261) with the functions 


N-l 


fp\y.T) = &\y,T) - Co, g^p\y,T) = g'^p\y,T) - J^C^y^ - Cn, (5.36) 


2=1 
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■0(3) (y) = - Qp{y,0). 


Thus analogously to (15.351) we have 


/<=> 


( 7 ) 




and therefore 


(7) / (I+7/2.I/.2+7/4) / ^ 2 ^ai+ 7 / 2 ,l/. 2 + 7 / 4 ) 

'p /7/2.q<'’) ’ rp /g<^) 


\ 3p /q(p) 




( 4 + 7 ) 

2,'f/2,R^ 


= ('/'?>) 


( 4 + 7 ) 

2,7/2,flW 




( 7 ) 


P /7/2,Q(p) 

From (|5.30l) we have also 

,7/2 


(1+7/2.1/2+7/4) 


<-. 5.37 

P / 2,j/2,R^ p 


(y^P'>) \AlU{y^PfD^'rp{P^^\0)\ > 12. 


(5.38) 


Further, from (15.351) and from the properties of rp{y, r) in (I5.32p . (j5.33l) it follows 
that for any compact set K C Q 


||r-p(?/,T)|| 4 ^ <CiK), 

^2,'y/2 


9?Hy'.r) = A!!All 


dxN 


< C{K'), 

C1+7,1/2 + 7/4(^/) 

(5.39) 


where iF' = iF D {x^v = 0}. Moreover, from the properties of rp{y,T) 1 (15.321) . 
(I5.33L (15.351) 1 it follows that for any compact set Kji of the form Kn = {{y, r) G 

: \y\<R,T<R} 

\rp{y,r)\P^<CR'^+P (5.40) 

Besides, in view of (I5.36F (I5.37L (I5.39|) . and of the properties of tjj^^Ky), 

0(3)(y) = wp{y,0) - Qw^iy,0), 
for any K C Q‘'P\ K' C G(p), K" C n Q(p) 


/f (y,- 


Cl'H {K) 


9vHy'.T) 


+ 


i’p^ (y) 


C'l + 7,l/2+7/4(;f/) 

1 


+ 


(5.41) 


< C(K,K',K")- 


where K" C i? = iF ("I {t = 0}. 

We consider two cases of the behaviour of t^p'^ = —t^P'>/hp. It can go to a 
finite limit or to infinity as p —> 00. Let first t(p) —> —00 as p —> 00. Thus 
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Q = {{y,T) : j/AT > 0, — cxD < T < +oo}. From (15.391) . (15.411) it follows 
that the sequence of functions {rp{y,T)} is bounded in {Ks) for any 

compact set Kg C Q'^ n {^ < ccat < <5 € (0,1). Therefore there exists a 

function r{y,T) G ((5+ (~l {xn > 0}) with (at least for a subsequence) 

Tp r in p ^ oo, 'iKg <ZQr^{5 <yN < }, 7 i < 7 > 

(5.42) 

and also for any compact set K <Z Q 

Tp —>■ r in ( 72 + 71 / 2 . 1 + 71 / 4 ^^^^ p —>• 00 , VK C Q, 71 < 7 . (5.43) 

Besides, for any compact sets K C Q, K' C G, K" C (at least for a 
subsequence) for p —>■ 00 




c. 


^l/2 


'{K) 


yp 


>^(^1 + 71 , 1/2 + 7 i / 4 (^/) 0 , ^ p \ y ) 






0 . 


(5.44) 


At the same time, since the sequences and are bounded 

(recall that /hp < e~^ since hp > ea;^^) 


J/tv^ p ^ 00 , (5.45) 

where is a nonnegative number, G is a unit vector, = (O', p^^) G 
H. From (j5.32l) and (15.3511 (together with (??) and the Arzela theorem) it follows 
that the functions y^Dyrp{y,T) are uniformly convergent (for a subsequence) 
on any compact set Kr C Q ("I {0 < pw < R}, R> 0, 


yjfD^,rp{y,T) =1 p^i4“,r(p, r), p ^ 00 . 

Thus we can choose a compact set Kji and take the limit of relation (15.381) on 
this set. This gives 




(p®)2^y'^(^^°\0)| >i/>0. 


Moreover, from Lemma [5] and (15.351) it follows that uniformly in p 


(5.46) 



(5.47) 


Together with (15.3211 this means that the sequence {p^Pp/i’p} is bounded in 
the space {Kn) for any compact set Kn. Therefore for any 71 < 7 the 

sequence {p^Py/i’p} converges to y%Dyir in the space C^^’~ {Kr) and for the 
limit y%Dyr we have with the same exponent 7 



(5.48) 
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Further, from (I5.4ip and (15.441) it follows that the function r{y,T) satisfies in Q 
the homogeneous problem without initial conditions 

dv 

Ly,rr{y, t) = — + Vyiyj^S/yAyr) = 0, {y, r) e Q, (5.49) 

f)r _ 

^—(2/',0 ,t)=0 , {y\T) £ G = Qn{yN = 0}- (5.50) 

oyN 

From this together with (15.401) and from Theorem [T71 it follows that r{y, r) is a 
polynomial with respect to y' an r. And from (15.461) it follows that r(j/, r) is a 
nonconstant polynomial. But nonconstant polynomial in unbounded domain Q 
can not have a finite seminorms as those in (15.481) . This contradiction provers 
the lemma in the case = —t^P'^/hy —oo. 

In the other case, If —tq > —oo the reasonings are 

completely the same. The difference is only that instead of the relations (15.491) . 
(|5.50p in view of (15.441) we obtain for the function r(y, r) in = Qn{r > —tq} 


dv 

t) = -^ + Vy (y^VyAj^r) = 0, 

iy,T) £ Q’-°\ 

(5.51) 

^^^( 2 /,0,t) = 0, {y,T)£G^°^=Q 

n {yN = 0}, 

(5.52) 

r{y,-To) = 0, y£R^. 


(5.53) 


In this case in view of (I5.40|) again from the Theorem [TTl it follows that r{y, r) = 
0 and this contradicts to (15.461) . 

Note again that all the above reasonings for the term 

are completely the same for For this term we obtain an 

analog of relations (15.461) and (I5.48P with the same contradiction. 

Thus the lemma is proved for the condition (15.81) . The proof for the condition 
(|5.12p is absolutely similar with some another but evident rescaling for the 
function 

This finishes the proof of the lemma. 

■ 

Denote for a function u{x,t) £ <^ 27/2 ^ (Q^) 


{{xnD‘, 


\ \ (7)(10)(e-) _ 
/ -i/2,Xi,Q+ — 


sup : 
,h<exN 


h'T 


I,iV, 

(5.54) 


{{Dtu)) 


(7/4)(10)(£-) 

t,Q+ 


sup 

(x,t)^Q+ ,h<exj^ 


/i7/4 


(5.55) 
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N-1 




, (7/4),10,(e-) 


Q+ 


(5.56) 


i=l 


Lemma 23 Let a function u{x,t) S ^^ 27/2 ^ (*3^) ® compact support 

satisfy in Q'^ relations <\5.7f\ - (15.91) or relations (15.7p . (15.91) . (15.121) . Then for 
0 < e < Eq , where £0 S ( 0 , 1 ) is an absolute constant, 


N-l 


< . 


(5.57) 


< C'e (^if)‘'j/2,Q+ 


+ (5)g+'^/^’l/2+7/4) 


+ w 


(4+7) 

2,-i/2,R" 


)+Ce'<{{u)) 


(4+7)(1^ 

2 ,7/2.a;'Q+ 


Proof. 

Consider some particular index i = 1, TV — 1 and consider the derivative with 
respect to tangent variable Xi, D^.u, 


{{xhDl.u)) 


(7)(10)(£-) 

'yl2,Xi,Q^ 


sup i 

{x,t)^Q ^h<exN 


-r/2\K°x, 

r !l - -—t - 






(5.58) 


We represent the expression in (15.581) as 


,2 n 4 „,\\('t')C0)(£-) 




sup 


^j2,Xi,Q^ 

{x,t)^Q ,h<£XN 


■y/2\^h% {x%Di.u{x,t)) 

h-y 


sup 


-l/2\^h,Xi 






(5.59) 


{x,t)£Q ,h<£XN 

where v{x, f) = x ^{x, t). 

Note that the function v{x, f) satisfies in the equation 


La,,tv{x,f) = — = fi{x,t) = A|_^J(a;,t), {x,t) e Q+, 

and the initial condition 

v{x,Q)=ilii{x) = l/4i,xMx), X&H. 

Let a point {x,t) = (xo,to) = (xQ,x%-,to) be fixed and fix also a vector h > 0, 
h < ex%. Suppose that e G (0,1/128). Consider the expression 
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^D*.v{xQ,to)\ 


h'y 


= 4. 


(5.60) 


Make in the functions u{x,t) and v{x,t) the change of variables {x,t) —>■ {y,T), 
v{x,t) v{y,T) 


x' = Xq+ {x%) y', XN = {x%) yN, i = io + {x°nY t (5.61) 

and denote d = h/x% < s < 1/128, Pi = {yo,To) = (O', 1,0), that is (xo,to) —t 
(yo, To). In the new variables the expression A takes the form 


/I _ t 0 ^7/2+2-4-7 l^lyi-D“u(0', 1,0)1 
^ ^ - 

Denote for p < 1 


(5.62) 


Qp = {(d,T) e Q : \y'\ < p, \yN - 1| < P, |r| < p^}, Qj = Qpn{t> 0}. (5.63) 

and consider the function v{y,T) on the cylinder On this cylinder v{y,T) 

satisfies the equation 

dv 2 

-^+'^y{yyVyAyv) = (xli) fi{y,T) (5.64) 

and the initial condition 


v{y,TQ) = ilji^y) (5.65) 

if To = —to/ (x'/^y > —3/4. Note that since y^ € (1/4,5/4) on Q 0 / 4 , the 
function v{y,T) belongs to the usual smooth class C"*+'’'’^+^/^(( 53 / 4 )- Consider 
this function on <53/4 C Q 3/4 . Applying known local estimates for parabolic 
equations (see, for example, [35]) we obtain 


|A^ 


d.yi y 


Dlu(0', 1,0)1 


d-y 




(5.66) 





( 4 + 7 ) 

Qi/2 


Hy,T)\ 


( 0 ) ^ 
Qi/2 ) 


Note that the relation of the norm |/i(?/,t)| 


(7) 

Qi/2 


in variables (y, r) an (x, t) is 


\fi{y,T)\^l = {fiiy,T))y’+ + {fi{y,T))y.L/) +|/i(y,r)| + 

Wl/2 yiWl/2 ^'^ 1/2 Wl/2 


d7) 


d7/4) 


|( 0 ) 


^’^(,l/2)x% OV(i/2)x^ ^ 


Q(1/2 )x0 ^ 


(5.67) 


42 





where 


Qpx% = e Q ■ W\ < px%, \xN-x%\ < px%,\t-to\ < {px%Y}r\{t > o}. 

(5.68) 


Analogously, 


Qi/2 ^ 'V,Qi /2 Qi /2 

|a|=4 

, , , ^>V(i/2)xO, W(l/ 

|a|=4 


(5.69) 


Hl/2)xU^ V(i/2)xl^ 

Now we sfo back to the variables (x. t) in estimate (15.66(1 and obtain (|a| = 4) 


/ 0 \7+4 \^h,x,DtA^o,to)\ ^ 

[Xn) ^ ^ 


/l7 


<c {fi{x,t))A + {h{x,tA^A + (5.70) 

V ^■V(i/2)x0, ‘■y(l/2)x^ 


{x%f \fiix,t)A 

^(.l/2)x0 


\h) 


|( 0 ) 


|( 0 ) 


Q 0 0 

■V(i/2)x0 V(i/2)xO V(i/2)x0 


+ An) ^ {D’^'^i{x))[ 

|a|=4 

Before proceeding further with the estimate of the expression A in (I5.60L note 
that since Xn ^ x% on the set Q(j/ 2 )x%, we have just from the definition of 
the Holder constants 


( 0 \ 2 + 7/2 / n4 ; \(7) ^ 


(5.71) 


< C {x%y'^ ({xiDAy% ^ + {x%f-^ \da. 


(0) 

‘5(1/2)®^ 


And at the same time 


^ = \A^,xAtAx)\Q 

V(l/4)x0, V(i/4)x^ 


(p) ^ ril,l /™2 7-i4„;,\(7) 

Q (: 

,0 \7 12 n4„;,\(7) 


<ChAx%DA)% 0 ^ (5-^2) 

'a^.W(3/4)xO 


<CsAx%y{x%DA)y 3 > 


and since 


we have 




^’Q(3/4)x0, 
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(3/4)x0 


(5.73) 


Analogously, since the difference A^, is taken with respect to the tangent vari¬ 
ables x' only 


'y(l/ 2 ):r 0 , ^(l/2)x0, 


Q( 1 / 2 )x 0 


2 . 7 / 2 ,Q(3/4)„,^ 


(5.74) 


By the exactly same reasonings we obtain 


{^nY ^ < (a;w)^/i^(/(a;,i))gg. ^ < 


'5(1/2)x0 


^■<3(3/4)*^ 


< {fix, t))gg o') {fix, t)) 


„0 \ 2-1-7 4^\(7)_ < (7 

and, at last, as in (15.741) . since h < ex° 


\(7) 


{x%y^^ {hixA)% „ <c{x%y^^^yf{x,t))i ^ 

®T'/2..W(3/4)x^ 


( 7 ) _ 

7/2':^'‘3(3/4)x0, ’ 

(5.75) 

(5.76) 




|^;| w = \Al ^.uA < {DiufA 

Q{1/2)x% ’ ‘ <3(1/2)x0, • =^»><3(3/4)x0, 


< 


(5.77) 


< {x%y^^'‘^ {x^oyuy'^'^ 


7 / 2 . 3 :'.Q(3/4)x,0 


Substituting estimates (15.731) - (I5.77|) in (15.701) and dividing both parts by {x%) 
we obtain 


Q \ 2 -|- 7/2 


0 X7/2 {ixNy DtMxO,to)) 


{x%) 


h~> 


< 


(5.78) 


<C({fixA)y],,Q 3+W?772Q 3 

3^7/2..W(3/4)x^ 2,7/2,y(3^^j^^ 


-hC'£‘‘+^ ^ {xlfDl.uyyj^^^^- 

|a|=4,aAr=0 


‘3(3/4)x0, 


< 


<c[{f{x,t)) 


(7) 


(^) 


(4-1-7) 




3:7/2..Q( 3 y 4 )x.^ 2 , 7 / 2 ,Qj 3 y 4 j.j,^ y " " 2,7/2,a:'Q’' 

Since the point (xq, to): the step h and the index i are arbitrary, the last estimate 
proves the lemma. 


44 











Lemma 24 Let a function u{x,t) S compact support in the 

set Q'^ = n {ccjv < R}, R > 0, and satisfy relations (j5.7p . (15.9p . Then for 
0 < £ < Eq, where eo S (0,1) is an absolute constant, 


mu)) 


(7/4)(10)(e-) 

t,Q+ 


< c 


(4+7) + 

2 ,-f/ 2 ,R'^ ^ \-i/ 2 ,Q+) ^ 


(5.79) 


+ C£^ 




))f:r + 


(7/4).(10) 


+m(xmL 


\(7),(10) 

'^) /n-L • 
/ XAT ,Q + 


Proof. Let a point (xo,io) ^ Q~^ be fixed and fix > 0, 

Xo = (xo,a;^^),a;^^ > 0, 0 < k < . (5.80) 

We consider separately two cases of the value of to- Let first 

to > 20^2 (5.81) 

Then we can proceed exactly as in the Lemma and consider the expression 


lAl°^Dtu(xo,to)l _ \Al^Dtv{xo,to)\ 

h7/4 “ /i7/4 


(5.82) 


where v{x,t) = A| ^u(x,t). As in Lemma [23l consider v{x,t) on the cylinder 

Q ( 0 ) = Qi (o)(xo,to) from (15.681) . Since tg > 20£^ this cylinder is 

I'^iV ^ V / ^ 

included in the set Q'^ H {t > 19£:^ } ■ Moreover since h < j 

for (x,t) G Q (o)(xo,to) we have 

ti = t±ih> 9e^ j >0, * = 0,10. 


Thus for {x,t) G Q (o){xo,to) the arguments of the functions u , Dtu, and D)fu 

Xn 

in the expressions A]f‘^u{x,f) , A]f‘^Dtu{x,t), and belong to the set 

Q+ (~l {t > 9e^ > 0}. Therefore we can consider the equation (15.71) for 

the function v{x,f) = A^M{x,t) on Q (o)(xo,to) without initial and boundary 

data. This permits to estimate the expression A from (15.821) exactly as it was 
done in Lemma [23] and we obtain 


|Al°.Iltu(a;o, to)l Co,'i 


(5.83) 


< C {fix, t))^^\^ ^ + Ce^ {{u))^^^mi^. 

- V , ^/:!=7/2.,Q(3/4),0 ^ "2.7/2.Q+ 
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Consider now the case 


to < 20e^ . (5.84) 

Note that = {{Dt (w — ^)))|^q+B esides the function 

V = u — tj} satisfies relation (E3 with the righthand side /i = / — V(a;^VA^/;) 
and relation (15.91) with 'ijji = 0 . Thus considering the function u — ip instead 
of u we can assume that '0 = 0 in dSH)- 

Further, since the support of u{x,t) C {xat < i?}, we can consider only 
such xn when estimate ((Dtw))|^g+ Consider the function u{x,t) in 
a neibourhood of (a;o,to)- We can assume that du/dt{xo,Q) = 0 and /(a;o,0) = 
0. If it is not the case, we can consider the function v = u{x,t) — </(xo,0) 
instead of u{x,t). For such function the right hand side of (15.71) become /i = 
f{x,t) — /(xo,0) with the desired property. So we assume that the function 
u{x, t) satisfies the relations 


C71i 

— + =/(a:,<), /(xo,0) = 0, (x,<) e (53„(o)(a;o,io), (5.85) 

at 

w(a;,0) = 0, (5.86) 

where Q (o)(xo,to) and are defined as (p € (0,1)) 

P^N 

Q nT^O){x0:to) = 

= {ix,t) € Q+ : \x' -x'q\ < px%\ \xN-x%\ < px^^\ \t-to\ < 60 p^e^ }, 

(5.87) 

Qi^o,to) = T-) g g+ . |y'| < |y^-l| < P, |t| < 60eV^ t > tq = -to/ }. 

(5.88) 

Make in relations (|5.85|) . (15.861) the change of the variables (j5.61F These rela¬ 
tions take the form 


+ Vy(2/^VyAyM) = f{y,T), f{Po,-To) = 0, {y,T) £ 

^ (5.89) 

M(y, -To) = 0, -To = -to/ (x^N^ > -20e^, (5.90) 

where the point Pq = (O', 1). Denote 

^ ||y,| < ^/ 2 , \yN - 1 | < 1 / 2 }. 


46 








Since j/at S [1/4, 7/4] on from classical local interior estimates for 

4 

parabolic initial value problems with respect to spatial variables it follows that 
with some absolute constant C > 0 (see, for example, [35]) 




|( 0 ) 


^(®0’*o) I — 


(5.91) 


< 




|( 0 ) 


Q 3 


(^ 0 '* 0 ) ' 


Since 


I/I J(lo.o) < ( (/);"g(^o.*o) + (/)^go.o) 1 

I \ ’ i ’ i / 

in view of the property /(Po, —to)= 0. The height Hq of the cylinder 

4 

is equal Hq = tq + 45e^ < 20e^ + 45e^ = Cs^. Since m(?/, —tq) = 0, we have 


\(7) 


\(7/4) 


T 


On the other hand, from relations (15.891) . (15.901) it follows that 


|( 0 ) 


5(^0 ’*0) 


DrU{Po, -To) = f{Po, -To) = 0. 


Thus 


(5.92) 


^ \ ^ 1 / 
Substituting (15.921) . (15.931) in (I5.91L we obtain 


\(7) 


\(7/4) 


(5.93) 


^’^1/2 




(7/4) 


^(^0 ’^ 0 ) 


Going back to the variables (a;, t) in (|5.94|) . dividing both parts by 
and repeating the reasoning of Lemma 1231 we arrive at 


\(7/4) 


(5.94) 

2 + 7/2 
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{Dtu) 


( 7 / 4 ) 

/2 




\{l) 


(5.95) 


where 


Qx%/ 2 {xo,to) = {{x,t) e Q+ : \x'-Xq\ < x^'’/2, |a;Ar-a;^| < x%'’ 12,\t-to\ < 15e^ (x^^^ 

Taking into account interpolation inequality (12.181) and the fact that h < 
in (15.821) . we obtain 


\^h^,tDtu{xoM)\ 

/i7/4 


<C{f) 


(7) 

7/2.Q+ 


+ 


+Ce^ 


/N-1 


{{xhD'i.u)) 


(7),10 
a;i,Q+ 


+ {{Dtu)) 


(7/4).10 
t,Q+ 


+ C'e'^ (x%D^^u) 


(7),10 
x:n,Q^ 


Since (a:o, to) and h are arbitrary, we infer (j5.79l) from the last inequality and 
this proves the lemma. ■ 


Proposition 25 Let functions f{x,f), g{x',t), ip(x',t), andtp^x) have compact 
supports and 


f{x,t) e C'^^'/J\Q+),g{x',t) e C 1 +^/ 2 . 1 / 2 + 7 / 4 (g+), 
g,{x',t) e C'2+^/2’i+^/4(G+),V'(cr) G CY^,^{R^). (5.96) 

Let a function u{x,t) G cY /2 ^ iQ~^) ® compact support satisfy the fol¬ 

lowing initial boundary value problem in Q'^ 

du 

Lj;^tu= —-i-V{x%VAu) = f{x,t), {x,t)€Q^, (5.97) 


du 

dxN 


{x',0,t) = g{x',t), (x',t)GG+, 


u{x,0) = ^^{x), X € 

Then for any e,fi > 0 there exists a constant G^,^ > 0 with the property 
/,,\(4+7) < r"< 

\^/2,7/2.a;'.i,Q+ — ^ / 2 ,' r / 2 , x ' ,t,Q+ — 


(5.98) 

(5.99) 


<G^ 


(7) 


^^^a+7/2.1/2+7/4) 


+ (V-) 


(4+7) 

2 .7/2,fl^ 


) 




(7) 

7/2,< 3 + • 


(5.100) 
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If instead of (|5.98l) the function u{x, t) satisfies 


i{x',0,t) = ip{x',t), (x', t) e G+, 


(5.101) 


then 


/,,\( 4 + 7 ) < r < 

\“/2,7/2,x',t,Q+ — U“//2,7/2,x',t,Q+ — 


(4+7)(10) 


<c. 


^ y\J I^I 2 ,Q+ 
where 


Mg+ 


(2+7/2,1+7/4) , . (4+7) I ,, /„2 Tji jAG) 

+ \+/ 2 , 7 / 2 , iJ'V J M \^N^xn^/^/2,xn,Q+ ’ 

(5.102) 


(^)2!7/^2!a;',t,Q+ = X! . (5.103) 


Proof. For any £ > 0 we have 


//,,u( 4+7)(10) < //„7\(4+7)(10)(e+) // \A4+7)(10)(£-) 

\\“//2,7/2.a;',t,Q+ - \\“//2,7/2,a;',t,Q+ \\“//2,7/2,a:',t,Q+ 


It is evident that 


A4+7)(10)(e+) . 1 ,, ..(4+7)(10) //„,\\(4+7)(10 )(e-) - 1 


\\“//2,7/2,a;',t,Q+ — 2 ''“''2,7/2,0;',t,Q+ \\“//2,7/2,a;',t,Q+ — 2 '2,7/2,0;',t,Q+ 

Then from lemmas (IMl) it follows that (in the case of condition (15.981) 1 


A4+7)(10) 


< 


((^))2,7/2,o;',t,Q+ — 

< Ce,iJ. ((/)^/2,Q+ + { 9 ) 

A4+7)(10) 


(1+7/2,1/2+7/4) 
G+ 


\ + /2,7/2,fi:" 


+ Ge^ ((«)) 2 ! 7 /l!L^'!’t,Q+ + A* ('^W-D^;v'“)7'/2,o;„,Q+ ' 

Absorbing now the term with from the righthand side in the left hand side 
for sufficiently small e, we arrive at (I5.100p (in view of (15.51) 1. Estimate (15.102^ 
is analogous. 


Theorem 26 Let functions f{x,t), g[x',t), ip(x',t), and 'f’ix) have compact 
supports and satisfy (|5.96p . 

Let a function u{x,t) G a compact support satisfy initial 

boundary value vroblem l\5. 97\i - (15.991) or problem (15.971) . (I5.99E (15.1011) . Then 

((/)i/2,Q4 + + W^2:^jln^) (5-104) 
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or 


(u) 


(4+7) 


2 , 7 / 2 ,Q+ ^ 


< c 


\\Jh/2,Q+ 






(5.105) 


where the constants C do not depend on f, tjj, g, ip. 


Proof. 

We show only estimate (15.1041) since (15.1051) is completely similar. 

Consider equation (I5.97p . We leave only the pure derivatives with respect 
to the variable a ;at in the left hand side and write this equation in the form 


D.,{x%Dl^u)=h{x,t), (5.106) 

where 


fiix,t) = fix, t) - ^aX%Dfu- SaXNDfu 

|a|=4. |a|=3, 

aiv<4 aff<3 

and da are some absolute constants. Let us show that 

^ ■ (5-107) 

Since (x^Di^^u) |x;v=o = 0 we have from (15.1061) 

XN 

Dl^uix,t) = 4 “ / 

Xn J 
0 

Thus, 


XN 

x%DI uix,t) = —— [fiix',^,t)d^ + fiix',XN,t) = 

XN J 
0 

1 

= -2 J fi{x',XNUJ,t)d^-\-fi{x',XN,t), 

0 

where we made the change of the variable ^ = ujxn in the integral. From this 
representation the obtaining of estimate (15.1071) is straightforward. Therefore, 
we have the estimate 

< C + (5-108) 


+c 


(Am)^^2,x„.q+ 


E 

|a|=4, 

Q:7v<4 


{x%Dfu) 


(7) 

7/2,a;N-,Q+ 


E 

l«l=3. 

Q:a7<3 


(xjvi^»5Ejv,Q-^ 
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Let use now the interpolation inequalities of Theorem [T51 This gives (e € (0,1)) 


{Dtu) 


(7) 

7/2,a: AT.Q+ 


+ E 

|a|=4, 

Q:At<4 


(x%D^u) 


(7) 

■j/ 2 ,xn,Q+ 


E 

|a|=3, 

ckatO 


{xnD^u) 


(7) 

'1/2,xn,Q+ 


< 


< Ce + £ (2^^^^iv“)7/UiV.Q+ ■ 

Substituting estimate (15.1091) in (15.1081) and absorbing the term with e in the 
left hand side, we obtain 


< c Q4 + ■ (5-110) 


d7) 


(4+7) 


Thus, making use of estimate (15.1001) of Proposition | 
seminorm of the function u we have 


for the full highest 


/,,\(4+7) _ / 2 ^4 I /,,\i4+7) ^ 

\“/2,7/2,Q+ “ \‘^N-L^xn‘^/j/ 2 ,xn,Q+ ^ ''“''2,7/2,a;',t.Q+ — 


, (7) 


(4+7) 


< C'm ((/)E,Q+ + ■ 

Absorbing now the term with /r in the left hand side, we arrive at estimate 
(I5T01) . 

Estimate (15.1051) is completely similar and this finishes the proof of the 
theorem. 

■ 

Consider now the elliptic variant of the problems of Theorem 1261 
Theorem 27 Let functions f{x), g{x'), and ^p{x') have compact supports and 


fix) e e e (5.iii) 

Let a function u{x) € 1^2 7 / 2 ( 1 ^+) ® compact support satisfy the following 

boundary value problem in 

L^u = Vix%VAu) = fix), xGR+, (5.112) 

du 

-^ia:',0) = gix'), XN = 0. (5.113) 

UXn 

Then 


< elm'-’' + (a)-:;-). 


1 ( 4 + 7 ) 

'2,7/2,fi« 

If instead of (I5.113|) the function uix) satisfies 


i(1+7/2)n 


(5.114) 
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then 


where 


l{x ,t)) = XN=0, 




'2,-i/2, 


7/2,-R^ 


N 


i—l 


2 n4 _ 

-i/2,Xi,R^ ■ 


(5.115) 

(5.116) 

(5.117) 


The proof of this theorem is an evident simplification of the proof of Theorem 
]on the base of Corollary [TS] 


6 Solvability of model problems. 

In this section we consider two model problems in simple special domains for 
the model linearized thin film equation with two different boundary conditions 
at {xat = 0}. We will use these problems to prove the solvability of boundary 
value problems for the linearized thin film equation in arbitrary smooth domain 
by the standard way of the regularizator (near inverse operator) constructing. 
Throughout this section we denote I = [0,1]. 


6.1 A model problem with the Newman condition at {xjsi = 

0 }. 

We first consider an axillary model problem for an elliptic equation. 

Let P = {x = {x', xn) : 0 < xat < 1, \xi\ < tt, / = 1, iV — 1}, P' = Pn{xN = 
0}. Let a function f{x) G ^bo f{x) be 27r-periodic in each 

variable Xi, i = 1, N — 1. Consider the following problem for the unknown 27r- 

( 6 . 1 ) 


periodic with respect to the variables Xi, i = 1, N — 1, function u{x): 

V{xlfVAu) = f{x), X € P, 
du 


dxN 


{x',0)=0, x’&P’, 


d 

dxN 


Au{x', 1) + Au{x', 1) = 0, 


u(x', 1) = 0, 


( 6 . 2 ) 

(6.3) 

(6.4) 


and the periodicity conditions 
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d^v 




,n = 0,l,2,3, i = l,N—l. 


(6.5) 


Thus we consider in fact the periodic functions f{x) and u{x). Note that the 
boundary conditions at {a :at = 1} are chosen just from technical reasons. They 
do not play any special role when we construct the regularisation of the problem 
in an arbitrary smooth domain. The all we need that such conditions at {a ;at = 
1 } make the problem well posed. 


Lemma 28 Problem (16.1|) - (16.51) has the unique solution u{x) with 


(4+7)_ ^ J|(7) _ 

2,'il2,P — I-' ' 7 / 2 .P 


( 6 . 6 ) 


Proof. 

Let first f{x) = f{x', xn) be of the class C°° with respect to the variables 
x'. We are going to find the smooth periodic solution of the problem in the 
form 


u{x',xn)= ^ v{uj,XN)e , (6.7) 

where w = (wi,..., wat-i), oJi = 0, ±1, ±2,..., tax' = wiXi + ... +a;Ar-iXAr-i. and 
v{uj,xn) are unknown functions. Correspondingly, we represent the function 
f ix) as 


fix,XN)= ^ /i(w,XAr)e . (6.8) 

Here in fact w(a;,XAr) and /i(ta,XAr) are discrete Fourier transforms of m(x) and 
f{x) correspondingly. Since f{x) € C^{P), it is well known that for any K > 0 

|/i(w,Xiv)li],\^/2./ < CKil+UJ^)~^, (6.9) 

where ta^ = ca^ +...+ta^_;^. Substituting representations (16.71) . (16.81) in relations 
(IQ) - (1^ . we in standard way arrive at the following problem for an ordinary 
differential equation on xat € / = [0 ,1] with the parameter ca for the unknown 
function a(ca, Xn) 


{x%v'"{u!, xn))' — 2ca^x^a" — 2oj^xnv' + x%viuj, xn) = h{uj, xn),xn S I, 

( 6 . 10 ) 

u'(ca,0) = 0, (6.11) 

u(ca,l) = 0, (6.12) 
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v"'{w,l)-\-v {uj^l) — uj^v'{u},l) = Q. (6.13) 

Note that, in the author’s opinion, it is not so easy to solve ODE (16.101) explicitly. 
Therefore we are going to use the method of the extension with respect to a 
parameter (see, for example, [31]). For this we consider the following problem 
with the parameter A G [0,1] 

Xn)Y x^v"—2Xuj'^X nv'+X x]^v{ui, xn) = h{u!,XN), xn G I, 


(6.14) 

i;'(a;,0) = 0, (6.15) 

u(w,l) = 0, (6.16) 

v'"{u!,l) + v (w, 1) — Aw^w^(a;, 1) = 0. (6.17) 

Consider first this problem for the initial value of the parameter A = 0. Then 
equation (16.141) and boundary condition (16.171) became 

(a;^u"'(a;, Xn))') = h{uj, xn),xn G I, (6.18) 

u"'(a;,l) + u (w, 1) = a, (6.19) 

where a is a prescribed complex constant. We can find the solution of this 
simplified problem explicitly. Taking in mind that due to (|6.6I) we must have 

\xnv'"{uj,xn)\ < C, xn&I, (6.20) 

we obtain from (I6.18P with arbitrary constant Ci 

XN XN 

v'"{uj,xn) = — [ + ^ = — [ ( 6 - 21 ) 

0 0 


where from (16.201) it follows that we must have Ci = 0. This is exactly the place, 
where the class of the solution serves instead of additional boundary condition 
at {xn = 0}. Then we find from (|6.21|) 

1 

u"(a;, Xn) = - jr])dri + C 2 = 

XN 

XN 1 

= -(^-1) Jh{uj,0d^- J (^^-l^h{io,Od^ + C2. (6.22) 

0 XN 
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From (I6.21L (16.221) and from boundary condition (I6.19P it follows that 


and hence 


i 

C2 = a- Jhiuj,C)d^ 


v"{uj,xn) 



XN 1 

0 XM 


l]h{uj,Od^ 


1 

J h{uj,^)d^ + a. 

0 


(6.23) 


Now from representation (16.211) analogously to (15.1071) it follows that 

\xnv'"{u;,xn)\^^/2 j < C\h{uj,XN)\^^/2 j (6.24) 

and then from equation (j6.18l) we have 

\xnv'"'{u},xn)\’'^/ 2J ^ C\h{w,XN)f^/2j- ( 6 - 25 ) 

From representation (16.231) we directly infer that 


|u"(a;,X7v)| < C {^h{uj,XN)t^j 2 ,i + “) 

and then from boundary conditions v'{uj,0) = 0 and u(a;,l) = 0 we can find 
v'{uj,xn), v(uj,xn) and obtain 


\v'{uj,XN)tl/2j + < C {\h{uj,XN)tl'l2j + ' ( 6 - 26 ) 

Estimates (|6.24l) - (16.261) mean that we find the solution v {uJ,Xn) e C^2Vf2^I) 
and 

< C {\h{w, + «) . (6-27) 

where the constant C does not depend on uj and h(uj,XN), a. 

Denote by subspace of C'2 7/2(-^) boundary conditions 

(|6.15|) . (I6.16|) . Then (16.271) means that the operator Lq ■ ^7/2^ 

C of problem (I6.18L (j6.19|) is an invertible operator. Now we consider the 
equation (A G [0,1]) 

{Lo + XT)v = {h{ui,XN),a), ^ € cX] 2 i^')- (6.28) 

Here operator T is defined by the terms with A in expressions in (16.141) and 
(j6.17|l . that is, in particular, instead of (16.171) we have nonhomogeneous condi¬ 
tion 
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v"'(u},l)+v {w,l) — Xijp'v'{w,l) = a. (6.29) 

We first obtain uniformly in A S [0,1] an a-priory estimate of L 2 {I) norm 
of the possible solution v{uj,xn) to equation (16.281) . So let v € ^ 2 X^/ 2 ^^) 
and satisfy (16.141) . (16.291) . Since r''(0,w) = 0, the function v'{xn,uj)/xn is 
bounded. Let v'{xn,uj) is the complex conjugate of v'{xn,u}). Multiply (I6.14p 
by v'{xn, and integrate by parts over I. We have for each term in (I6.14p 

the following expressions. 


Ji = f{x%v'"{uj,XN)y ^ = v”'{uj,1)v'{1,uj)- 

J xn 


1 1 

— J XNv'"{uJ,XN)'^'\xN,Uj)dXN + J v'"{uJ^XN)v'{X]\[,Uj)dXN = 

0 0 

1 

= ~ j {xn^ Uj)dXN-\- 

0 

1 

l)T;'(l,a;) — J\v"{oj^XN)\^dxN- 
0 

Adding up Ji and it’s complex conjugate Ji, we obtain, integrating by parts 
again, 


Jl Jl = —2 \v''{uJjXN)\^dXN — 


1 

—J Xn XN)\‘^y dxN + 2Re [{v"'{co, 1) + v"(cu, 1 ))v\uj, 1)] = 

0 


-J \v"{uj,XN)\‘^dxN - 1)P + 2Re 1) + v”{uj, l))v'(a;, 1)] • 

0 

Making use of boundary condition (16.291) , we arrive at 
1 

Jl + Jl = — J \v"{uj,XN)\'^dxN — \v"{^, 1)P + 2Aaj^|n'(a;, 1)^ + 2 Re[a?7'(a;, 1)]. 
0 

(6.30) 
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Further, 


Therefore, 


r _ o\ 2 / 2 „v'{xN,u}) 

J 2 = —2Acj / x^v - dxN- 

J XN 

0 


J2~\~ J2 — — 


xnW'v' + v"v') = — 2 Aa;^ 



= —2\uj'^\v'{uj, l)p + 2 Xuj^ J\v'\'^dxN- 

0 

For the next term in (16.141) we have 


and thus 


7 - o\ 2 /■ ,v'ixN,uj) 

J3 = —IXuj / xnv - dxN, 

J xn 

0 


(6.31) 


Now, 


J 3 + J 3 = -4Aw / \v'fdxN- 


(6.32) 


J4 = X{uj‘^)^ [x‘irv(uj,XN) —— '^-dxN = X [ XNv{uJ,XN)v'{xN,Xl)dxM. 

J XN J 


Therefore, 


1 1 

T 4 + J 4 = A J Xn {\vfy dxN = —X J \v\‘^dxN- 

0 0 


(6.33) 


At last. 


and thus 


J5= [h{LU,XN)^^^^^^^^dxN, 

J Xn 

0 
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1 


(6.34) 


Jg + Js = 2Re [ Xiv)— 

J Xn 


Taking into account that Ji + J2 + J3 + J4 = J 5 and adding up relations (I6.30|) - 
(IFTTI) . we obtain 

1 

—I \v"{uj,XN)\‘^dxN — 1)P + 2Re[aij'(a;, 1)] — 

0 

1 1 
—2Xu;^J\v'\‘^dxN — A J\v\‘^dxN = 


= 2Re [h{w,XN)'^^X^^^dxN. 


Xn 


0 

Thus we infer from the last relation 
1 1 


|w"(a;, XN)\^dxN + 2Xoj^ J\v'\'^dxN + A J\v\'^dxN < 


1 

< 2 J\h{u},XN)\ 


v'{xN,to) 


XN 


dxTv + 2|a||t''(w, 1)1 =/i +/2. (6.35) 


Due to the Hardy inequality we have the following estimates with an arbitrary 
small e > 0 for the terms in the right hand side of the last inequality. 


< £ 


V'{XN,UJ) 


Xn 


dxN 


1 

\h{u},XN)\‘ 


dxN < 


< 


i 

eCJ\v"{uj,XN)\'^dxN +Ce ’ {6M) 


l 2 <e\v'{uj,l)\^ + CM" 


and since 


k>,i)l = 


v''{u}, XN)dxN 


< i J\v''{u},XN)f dxN 
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1 

h <£J\v"{tjJ,XN)\^dxN + Ce 


a?. 


(6.37) 


Substituting these estimates in (I6.35L choosing sufficiently small e, and absorb¬ 
ing the terms with e by the left hand side of (I6.35L we obtain 


1 11 
J\v"{uj,XN)\'^dxN + 2\uj^ J\v'\'^dxN + A J\vfdxN < (6.38) 




Taking into account that u'(w,0) = 0 , u(a;, 1) = 0, and making use of the 
Poincare inequality, we arrive at the estimate 


111 
J\v\^dxN <cj\v'\^dxN <cj\v"\^ < C 
0 0 0 



(6.39) 


This is uniform in A estimate for the ^ 2 ( 7 ) - norm of the possible solution of 
(I6.28p . Now we obtain uniform in A estimate for the (^2 7 / 2 ^'^) " of the 

possible solution of (16.281) . For this we just move all terms with A to the right 
hand sides of relations (j6.14L (16.1711 . Then making use of estimate (I6.27|) for 
the simplest problem and applying interpolation inequalities (12.201) - (I2.27|l . we 
obtain 


+e{l+uj'^)^^\v{uj,-)\[*^^/lj + Ce yj\v\'^dxNj , 

where Ai and A 2 some positive exponents. Substituting here instead e the 
expression e/(l -|- making use of (I6.39|l . and absorbing the terms with £ 

by the left hand side, we obtain finally 

^ + «) - ( 6 - 40 ) 

where A is some fixed positive exponent and constants C, A do not depend on 
to, A. 

Thus, problem (16.281) has the unique solution for A = 0 with estimate (I6.27|) 
and for A € (0,1] the possible solution of this problem has uniform in A a priori 
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estimate (16.401) . According to the method of the extension along a parameter, 
this means that problem (16.281) has the unique solution for any A € [0,1], in¬ 
cluding A = 1, with the estimate (I6.40p . Therefore we infer that problem (I6.10p - 
(|6.13p has the unique solution v{uj,xn) € ^ ^ and 

< Cil+u;Y\h{u^,-)\%- (6.41) 

From this estimate and from (16. 9|) we have also for any K > 0 

(6.42) 

From (16.411) . (16.421) and from the way of construction of function v{uj,xn) it 
directly follows that the function u{x', xn) from (|6.7I) gives a solution to problem 
(lOl) - (1631) . This solution is infinitely differentiable with respect to x' and it is 
of the class with respect to xn- Thus u{x',xn) G 1^2 7 / 2 ('^)- 

Let us turn now to the estimate (EH). This estimate is obtained in com¬ 
pletely standard way of the Schauder technique on the base of estimate (15.1141) . 
We multiply equation EH) by cut-off functions 773,0 (x) with the small supports 
in a neighbourhood of a point x^ G P and obtain a simple model problems in 
whole space (for the inner points of P or for the points with Xi = ±7r, 
i = l,A^—l)orin the half space (for points with Xiv=0orxiv = l) for the 
function u{x)r]^o(x). For points x° with x^ = 0 we use estimate (I5.114|) . Other 
points correspond to non-degenerate case {xn > 12 > 0 ) and for them we use 
well known results for elliptic problems - see, for example, [35]. To estimate 
emerging lower order terms we use interpolation inequalities (12.201) - (12.271) . and 
the standard interpolation inequalities. This process is completely standard to 
nowdays and we omit it. 

As a result for any / G obtain the estimate with the lower order 

term 

is known also that if we have the uniqueness for problem (16.11) - (16.51) then the 
lower order term can be omitted. The proof of this fact is by contra¬ 

diction on the base of (16.431) and the fact of uniqueness and is standard. The 
proof can be found, for example, in [36] or in |37] . Thus it is enough to show 
the uniqueness of the solution to problem (16.11) - (16.51) . So let u{x) G C' 2 +} 2 (^) 
satisfy problem EH- EH with / = 0. 

Multiply equation (16.11) by Au{x) and integrate by parts over P. With the 
taking into account of the boundary conditions and u{x) G 7 / 2 (-f’)> obtain 

— j x% {V Au)'^ dx — j {Au)^dx' = 0. 

P Pn{a;N = l} 

Since both integrals in this equality have the same sign, we conclude that, 
Au(x) = const and Ait = 0 at xn = 0, that is Ait = 0 in P. Taking into account 
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boundary conditions (16.21) and (l6.4l) we infer in standard way that u{x) = 0 in 
P. This proves the uniqueness for the problem and thus we have the estimate 


(4+7) </^|f|( 7 ) 

2,7/2,P — I-' l7/2,P’ 


where the constant C depends only on N and 7 . 

Free ourselves now from the assumption that f{x',XN) is of class C°° with 
respect to x'. Let ijJe{x') G be a nonnegative mollifier kernel with 

the parameter e and with the support in a set {\x'\ < Cs}. Denote 


fe{x) = uJe{x) *x' f {x\ xn) = f uje{x' - y')f{y, XN)dy' = (6.44) 

flAT-l 


= f ^e{.y')fix' -y\xN)dy'. 

Evidently, fe{x) is 27r-periodic, fe{x) G C°° with respect to x', and it is straight¬ 
forward to check that 

( 6 . 45 ) 

From this estimate and from Lemma [S] and Lemma [5] it follows that at least for 
a subsequence 


^^ 0 , 71 e (0,7). (6.46) 

By above, problem (16.111 - (j6.5p with fe{x) instead of f{x) has the unique solution 
Us{x) with the estimate 

By (16.471) and by Lemma [ 6 ] there exists a function u{x) G C 2 7 / 2 ('^) 

\u - - 5 > 0, £ -)> 0, 71 G (0, 7 ) (6.48) 


( 4 -I- 7 )_ ^ _ 

2,-il2,P — I-' '7/2,P' 


Now (j6.46p and (j6.48l) permit us to go to the limit in problem (|6.1I1 - (j6.5ll and 
infer that u{x) is the solution of this problem with estimate (16.61) . 

This completes the proof of the lemma. ■ 

Before to proceed to a parabolic problem we present some simple variant of 
well known Hardy’s inequality in P. The difference is that the function in the 
inequality does not vanish at xn = 1 - 
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Lemma 29 Let complex valued u{x) be defined on P and let Au and xatVAu 
be square integrable over P. 

Then 


j\Au'\^dx<C jx']q\VAu'^dx J |Au(j;', l)pda:'1 . (6.49) 

P \P pn{£CN=i} / 

Proof. Let complex valued function p(xjv) be defined on [0,1] and let v{xn) 
and xnv'{x]s[) be square integrable on [0,1]. Consider the equality 

(xAr|?;p) = \v\^ + xnv'v + xnvv' = + 2xN^ev'v. 

Integrating this equality over [0,1], we obtain 
1 1 
J Ivl'^dxN = |p|^(l) — J “^xn Kev'vdxN- 
0 0 

Estimating the last integral by the Cauchy inequality with e, we get 
1 11 
J\vfdxN < |p|^(l) + £ J\vfdxN + ^Jx%\v'\‘^dxN 
0 0 0 
and we conclude that with some absolute C 


J\v\'^dxN ^ I 


•N 


dv 


dxN 


dxN \ ■ 


(6.50) 


Now we substitute Au{x',xn) in eqref{6.47.02} instead of v{xn) and integrate 
the result with respect to x' to obtain (16.491) . 

■ 

We consider now a parabolic problem of the kind (16.11) - (|6.5I1 . Let Pt = 
P X [0,T], T > 0, and let Poo = P x [0,-|-oo). Let a function f{x,t) be 27r- 
periodic with respect to the variables Xi, i = 1,N — 1, 

/(a;,t) G C^)5 (Pt) with f{x,0) = 0, (6.51) 

and with the support in Pt^^ 0 < Ti < T. Consider the following problem for 


a unknown 27r- periodic with respect to the variables Xi, i = 1, N — 1, function 
u{x, t): 


du 

—+ V{x%VAu) = f{x,t), xGPt, 


(6.52) 
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du 

dx 


N 


(a;',0,i) = 0, a;'G P'x [0, T], 


(6.53) 


dXN 


-Au{x', 1, t) + Au{x\ 1, t) =0, x' G P' X [0,T], 


u{x',l,t) = 0, x'G P'X [0,T], 


the initial condition 


u{x, 0) = 0,, X G P 
and the periodicity conditions 


(6.54) 

(6.55) 

(6.56) 


dx" 


ix,t) 


Xi — — TZ 


d"u 


{x,t) 


= 0,1,2,3, i = l,N-l. (6.57) 


Lemma 30 Problem (16.521)- (16.571) has the uniaue solution u(x.t) G '* '{Pt) 

and 




(6.58) 


Proof. Since the support of f{x,t) is included in Pti, we can extend this 
function by the identical zero over T and have /(x, t) G Cl ^'12 (Poe)- We suppose 

first that f{x,t) is of the class C°° with respect to the variable t and has the 
property 


d"f{x,t) 


dt" 


= 0 , 71 = 0 , 1 , 2 ,.... 


(6.59) 


t=o 


Denote for a complex number p with Rep > 0 

00 00 

v{x,p) = J u{x,t)e~^*dt, h{x,p) = J f{x,t)e~Pdt— (6.60) 

0 0 

the Laplace transforms of the functions u{x, t) and /(x, t) respectively. Because 
of the properties of the function /(x, t) including (I6.59P we have for the function 
h(x,p) for each p and for an arbitrary K > 0 


\hi;p)\<~;/^.p<CK{l + \p\)-^. 


(6.61) 
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Making in problem (16.521) - (16.571) the Laplace transform (16.601) we arrive at the 
following elliptic problem with the parameter p for the unknown function v{x,p) 


Av + pKv = V{x%VAv) + pv = h{x,p), x G P, 
dv 


dxN 


{x', 0,p) =0, x' G P', 


d 


l,p)-I-Au(a;', l,p) = 0, x'G P', 


dxN 

v{x', l,p) = 0, x' G P', 
and the periodicity conditions 


(6.62) 

(6.63) 

(6.64) 

(6.65) 


,n = 0,1,2,3, i = l,N-l. ( 6 . 66 ) 

Xi—TZ 

Denote by closed subspace of periodic functions from 7 / 2 ('^)’ 

defined by homogeneous boundary conditions (16.631) - (16.651) . It was proved in 
Lemma [28] that the operator Av = V{x‘jfVAv) from (16.621) is a bounded lin¬ 
ear operator A : <^2 7 / 2 (-^) ^ ^ 7 / 2 '"^tiere space of periodic 

functions from C^^^{P). Moreover, the operator pKv = pv is evidently a com¬ 
pact operator from 7 / 2 (-^) ^ 7/2 Thus equation (16.621) is a Fredholm 

equation and it is uniquely solvable for the all right hand sides from T 

and only if the kernel of the operator A + pK consists from zero only. We will 
prove that for Rep > 0 the kernel of the operator A pK consists from zero 
only by obtaining an a-priory estimate for a possible solution v{x,p) for (I6.62p 
from 2 ( 7 ^). Similar to Lemma we start with the estimate of L 2 {P)- 
norm of v{x,p). 

Multiply equation (16.621) by Av{x,p) and integrate by parts over P with the 
taking into account the boundary conditions. Considering only real part of the 
obtaining expression and changing it’s sign, we get 




XA — — TZ 


d'^v, , 


J xjj\V Av\^ dx + j \Av{x',lyp)\^dx' + RiipJ\Vv\^dx 

P Pn{xN=i} P 

We estimate the right hand side by the Cauchy inequality with e 


= — Re / hAvdx. 


(6.67) 


hAvdx 


< ey \Av\'^dx + — J\h\'^dx. 
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On the base of (16.491) we can absorb the term with e by the left hand side 
of (l6.67l) and we get from this inequality 


P P 

Finally, since v(x\ l,p) = 0, we obtain by the Poincare inequality 

p 

This inequality means that the operator A + pK has zero kernel for Rep > 0 
and thus equation (16.621) has the unique solution v{x,p) G C '2 7 / 2 ('^) 

hix,p)GC^^^,(P). 

To obtain estimate for the 7 / 2 ('^)" of v{x,p) we proceed exactly as 

in Lemma [28l That is we move the term pv to the right hand side of (I6.62[) . use 
estimate (16.611 . interpolation inequalities (12.201) - (I2.27|l . and estimate (16.6811 . As 
a result we obtain for Rep > 1 

where A is some positive exponent. Thus in view of (16.611) we have also for any 

a: > 0 


Hx,p)t^^'l^j,<CK{l + \p\) (6.70) 

The last estimate permits us to take the inverse Laplace transform u{x, t) from 
v(x,p) and thus to obtain the solution to problem (16.5211 - (16.5611 . Note that 
in view of (l6.70ll and the properties of the inverse Laplace transform, initial 

condition (16.561) is also satisfied. The solution u{x,t) G {Poa) and 

moreover this solution is infinitely differentiable in t. 

Estimate (|6.58l) is obtained in standard way by the Schauder technique on 
the base of estimate (15.1041) for the problem in the half space, estimates for 
parabolic problems for non-degenerate equations (see, for example, [35]), and 
interpolations inequalities (12.2011 - (12.271) . (12.2811 - (12.301) . In this way, due to in¬ 
equalities (12.2811 - (I2.30L we first prove estimate (16.581) on a sufficiently small 
time interval [0,T], which does not depend on /. Then (and this is also stan¬ 
dard way of reasonings - [32], [38] ) we consider on the interval [T/2, 3T/2] the 
function u{x,t) — u{x,T/2) with zero initial value at t = T/2 and repeat the 
estimates. In this way we obtain (16.5811 on an arbitrary interval [0,r] but with 
time dependent constant Ct- 

Thus we have proved that if f{x,t) is infinitely differentiable in t and if it 
satisfies condition (16.591) . then problem (16.521) - (I6.56|) has the unique solution 
and estimate (|6.58ll is valid. Let now f{x,t) satisfy (16.5111 . Since /(x, 0) = 0, 
we can extend f{x,t) by the identical zero in the domain P x (—oo,0] with 
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the preserving of - norm. Let ujeit) G C°°{R^) be a nonnegative 

mollifier kernel with the parameter e and with the support in [—£,e]. We define 


fe{x, t) = UJe{t) *t f{x, t-2e) = 


j uJe{t - r)/(x, T - 2e)dT 


J uJe{T)f{x,t - T - 2e)dT. 


(6.71) 


— OO —CXD 

It can be checked directly that the functions feixR) posses the properties: 


I f 1(7,7/4) / I j|( 7 . 7 / 4 ) 


\f — f 1(71.71/4) 
!■' •'^ 171 / 2 ,Pt 


—>■ 0 , £ —!> 0 , 7 i G ( 0 , 7 ), 


(6.72) 


d^fe{x,t) 

dt^ 


= 0,n = 0,l,2,.... 

t=o 


By the proved above, problem (16.521) - (j6.56l) with fe{x,t) instead of f{x,t) has 
the unique solution Ue{x,t) and by (I6.58L (16.721) 


|ue(a:,t)| 


(4+7,^) 

2 ,'y/ 2 ,i^X' 


< CtIM 


( 7 , 7 ^) 

^ I‘1,Pt 


< CtUI 


( 7 . 7 ^) 
7/2,fr ’ 


(6.73) 


kei - '^e2\2,ji/^2,pl. ^ £1:^2 “t 0. (6.74) 

From (16.7211 - (16.741) on the base of Lemma [Blit follows that Ue{x,t) converges 
(at least for a subsequence) as £ ^ 0 to the solution u{x,t) of problem (16.521) - 
(16.561) and for this solution estimate (16.581) is valid. 

This completes the proof of the lemma. 

■ 

Let a function f{x, t) and periodic in x' and let at {xn = 1, t = 


0 ) 


/(x',l,0)=0, xGP'. (6.75) 

We extend f{x,t) over {xat = 1} by the constant with respect to xn, and over 
{xn = 0} and {t = 0} in the even way by {xn G [0, l],t G [0,T]) up to the 
function / 


fix', -Xn, t) = fix', Xn, t),fix', 1 -h Xn, t) = fix', 1, t), fix, -t) = fix, t). 

(6.76) 

Denote Pt = {(x, t) : \xi\ < tt, i = 1, iV — 1, 0 < xn < 2,0 < t < T}. From the 
definition of iP t) it directly follows that 


66 























(6.77) 


I/I 


(7,7/4) 

I2 ,Pt 


<C\f\ 


( 7 , 7 ^) 
7/2,f’T 


Let uj{x) G C°°{R^) with the support in {|a;| < 1} and the unit integral, uj{x) > 
0. Let also x(t) G C°°{R^) with the support in {\t\ < 1} and the unit integral, 
x{t) > 0. Denote the mollifier kernels uJe{x) = e~^uj{x/e), Xe{t) = 
e G (0,1/2). We consider in Pt the mollified function 


fe{x,t) = Xe{t) *t (uJeix) f{x,t)^ 


00 00 

= J dTXeit-T) jUj^{x - ^)f{^,T)d^ = j drXeit-x) J uj^{C)f{x - ^,T)d^. 

-00 —00 _RW 

(6.78) 

And we define 

fe{x,t) = fe{x',XNR) “ /£(a;',l,0). (6.79) 

Lemma 31 For the function f^{x,f) G C°°{Pt) in (16.781) we have uniformly 
in f and e 

l/eii%%"’(6.80) 

and, at least for a subsequence, 


Mx',i,0) = 0,x' ep, 


I f _ f I ( 71 , 7 ^ 4 ) 
•’ I 71 / 2 ,Pt 


0,e-)• 0,71 G ( 0 , 7 ). (6.81) 


Proof. 

From the properties of the function f{x,t) and from the definition of molli- 
fiers It follows that for the proof of (j6.80|) it is enough to prove the estimate 

where 

ke{x,t)= f U}e{f)f{x - f,t)df. (6.83) 

Let x,x G P, XN < XN- Consider two cases. Let first xn > 2e. Then, since in 
(|6.83p in fact Xn/‘2 < Xm — < 3x^/2, 

^ 7/2 \ke{x,t) - ke{x,t)\ ^ 

^AT I —I., S 
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< 


^7/2 

''AT 


{XN - 


(0.84) 


a; — xV 


<r r*! A|(7.7/4) ^ ^1 p|(7,7/4) 


Let now xn < 2s. Then 


X 


7 / 2 \ke{x,t) - ke{x,t)\ 
^ |a:-T|7 


< 


< 



7/2 \f(.X 
N 


g,t) - f{x-^,t)\ 
|a; — x|7 


h + h + h, 


where 


Bi = {|^| < e :xn — > xn — > 0}, 

B 2 = {|C| < £ ■ xn — < 0,xn — > 0 }, 

B 3 = {|^| < e : xn — < xn — S,n < 0}. 

For the set Bi we have {xjq < 2e) 


Bi 


(xn - 


\f{x-£„t)- f{x-£„t)\ 


< 




c£-~ y (i» 


I5l<e 


< 


^ /^p7/2| r|(7.7/4) , ^ -JV+(JV-7/2) ^ ^|(7.7/4) 

- I 7 / 2 ,Pt '•'17/2,Pt' 


On the set B 3 we have 


(6.85) 


f{x-£,,t) = fiix-^)*,t)J{x-^,t) = f{{x-^)*,t), 

where (x-^)* = {x' - ,-{xn - ^n)) , (x - ^)* = (x' - ^,-(xn - ^n))- Since 
a shift and a reflection are isometries, |(a; —^)* — (x —^)*| = \x— x\. Therefore 
the integral I 3 is estimated exactly as it was done for Ii and we have 


A s c|/|/;/g. 


( 6 . 86 ) 


On the set B 3 
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f{x-^,t) = f{{x - ^)*,t)J{x - ^,t) = 

According to the triangle inequality we have after the shift and redaction 

-(^-01 < \x-^. 

Therefore, as above, denoting |a;Ar — ^atI = min{|a;Ar — ^Ar|, jiiAr — Cjv|}, 


l 2 <Ce^/^ juJemxN-£.N\ 

B2 


-7/2 


la::AT - ^Ar| 


- f{x-^,t)\ 


\{x - 0* - (x - 01-^ 

I5l<e 

< j I,„rv=d, = c|/l5'’g. 


< 


\ri\<4e 

Thus we have in the case xn <‘2.e 

^/2 \ke{x,t) - ke{x,t)\ 


•'AT 


a; — xU 


^^l/li72%A 


(6.87) 


( 6 . 88 ) 


Estimate (16.821) follows now from (16.841) and (16.881) thus (16.801) is proved. Rela¬ 
tions (16.811) follow now from (16.801) and from (16.751) by construction of fe{x,t). 
This finishes the proof of the lemma. 

■ 

Consider now the following nonhomogeneous problem for a unknown 27r- 
periodic with respect to the variables Xi, i = I, N — 1, function u{x,t): 


du 

—+ V{x%VAu) = f{x,t), x€Pt, 


du 

dx 


N 


{x',Q,t)=g{x',t), a;'eP^ = P'x [0,r], 


(6.89) 

(6.90) 


-—AM(a;',l,t)-bAu(x',l,t) = 0, cc'e = P'x [0,T], (6.91) 

OXN 

u{x,l,t) = 0, X G Pt = p'X [0,T], (6.92) 

the initial condition 

u{x,0) = tp{x), xGP (6.93) 
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and the periodicity conditions 


,n = 0,1,2,3, i = l,N-l. (6.94) 

Xi—TZ 

Here /, g, ip are given 27r- periodic with respect to the variables Xi, i = 1,N — 1, 
functions with 


d^u 

dxP 


{x,t) 


T.A — — TT 


dxP 


ix,t) 




1+7/2.1/2+J 




(6.95) 

Without loss of generality we can suppose that the functions f{x, t) and g{x'^ t) 
vanish for t > T — 5 with some small 5. In the general case we can extend f{x, t) 
and g{x', t) over t = T with the preserving of their classes and then we can cut 
them off to obtain finite in t functions on a new interval [0,T'], T' G (T, 2T). 
The way of extending over t = T is described in, for example, |38) . We assume 
also the compatibility condition at (t = 0 , xat = 0 ) 


dip{x',XN) 


dXN 

and at {t = 0, xn = 1) 

/ dAtp^x', xm) 


= g{x\0), x'gP' 


xn—Q 




dXN 


■ Atp{x',XN) 


= 0 , 


(6.96) 


(6.97) 


Xff = l 


V>(a;',l)=0, /(a:',l,0)-V(x^VA7^)|(,,,i,o) = 0, x'G P'. 

Proposition 32 Under conditions (j6.95l) - (j6.97|) problem (16.8911 - (16.9411 has the 
unique periodic solution u{x,t) & '* {Pt) and 


l{xU)\ 


U+iP- 




( 4 - 1 - 7 ) 


(6.98) 


Proof. The proof is just by reduction to the conditions of Lemma [3(11 First, the 
change of the unknown u = ui -\- tpix) reduces the problem to the case ip = 0. 
For the function ui we have problem (16.8911 - (|6.94p with the right hand side in 


fiix,t) = f{x,t) -V(x%VAiP(x)) G 


/i(x',l,0) = 0, (6.99) 

with the boundary condition in (16.9011 g ^ gi 
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gi{x', t) = g{x', t) - , gi{x', 0) = 0, (6.100) 

OXjsf 


and with the same boundary conditions (16.911) . (16.921) (because of conditions 


(I6.97l) i. Note that 




(4+7)_ 
2.7/2.P 


( 6 . 101 ) 


After this we can obtain estimate (16.981) for a possible solution by the standard 
Schauder’s technique as it was described in lemmas [251 [301 

Now we apply several steps of smoothings and changes of unknown to reduce 
the problem to the conditions of Lemma [30] and to prove the existence of the 
solution. Let fie{x,t)€ C°°{Pt) be constructed on the base of fi{x,t) as in 

Lemma [STJ At least for a subsequence we have 



and also at {xn = 1, t = 0) 


/i,(x',l,0)=0 


( 6 . 102 ) 


so that the compatibility conditions of the kind (I6.97|) at {xn = l,t = 0) 
are satisfied. On the base of estimate (16.981) we will prove the existence of the 
solution for fi{x, t) if we have the solution for fie{x, t), as it was done in lemmas 
[28l [3Ql So we can assume that fi{x, t)£ C°°{Pt)- Make now the change of the 

unknown ui = U 2 + tfi{x, 0). Then we obtain the problem for U 2 , where fi{x, t) 
in (I6.89|) is replaced by 

f 2 {x,t) = fi{x,t) - fi{x,0) - tV{x%VAfi{x,0)). 

The boundary conditions become 



(6.103) 



U 2 {x', l,t) = k 2 {x',t), x' e Py = P' X [0,T], 


(6.105) 


where 
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t ! II 4. dh{x,Q) 

g 2 {x - gi{x ,t) t 


(6.106) 

h2{x ,t) - t A/i(x,0) + A/i(x,0)^ 

1 

tCAr = l 

(6.107) 

k2{x',t) = -tfi{x,0)\xN=i = 0. 


(6.108) 

We also have zero initial condition 



M2(x.0) =0, X G P. 


(6.109) 


From (16.991) . (16.1001) , and (16.1021) it follows that the compatibility conditions 
up to the Hrst order at {xn = 0 ,t = 0) and at {xn = l,t = 0) are satisfied. In 
particular 


f2{x,0) =0,x € P, g2{x',0)=0, h 2 {x',0) = 0,x'G P'. (6.110) 


Besides, we have 


f2{x,t) e C^{Pt), 92{x',t) G h2{,x',t) G 0 ^+^^ {P'^)■ 

since gi(x' , 0) = 0, h2{x', 0) we can extend these functions to the domain P' x 
{t < 0} by the identical zero with the preservation of the classes ^ {Pt) 

and (P^) correspondingly. 

Then we dehne the shifted and smoothed functions 

g 2 e{x',t) = 0 ,{x',t)*g 2 {x',t- 2e) = 


= J Ss{x'-C,t-T)g2{C,x-2e)d^'dT, 


/l 2 e(x', t) = 0s{x', t) * /l 2 (x', t — 2e) = 


= J 0s{x'- - T)h 2 {^',T-2e)d^'dT, 

where 9g(x',t) is a mollifier kernel with the support in {|x'| < er, \t\ < e}. The 
functions g 2 s{x',t) and h 2 eix',t) have properties 


l52e(x',t) -52(a;',t)L^/ 2 ,i/ 2 +^ ^ 0,e ^ 0, 

+ \^t) 


7i e (0,7), 
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^■0,£:^-0, 7ie(0,7) 


\h2e{x\t) -h2{x' 
And besides, 


g 2 e{x',t) = 0, h 2 e{x',t) = 0, 0 < t < £. (6.111) 

On the base of estimate (|6.98l) we will prove the existence of the solution for 
g2{x' ,t) and h2{x' ,t) if we have the solution for g2{x' ,t) and h2{x',t), as 
it was done in lemmas M EqI So we can assume that g2{x',t)€ C°°{P't), 

h2{x',t)£ C°°{P't), and condition (I6.11ip is satisfied for these functions. 

Denote 


G{x,t) = XNg 2 {x' ,t)goixN), 

H{x,t) = ^ h 2 {x',t)r]o{xN), 

where Vo{xn),Vi{xn) S (^““([O,!]), VoixN) = 1 on [0,1/4], go{xN) = 0 on 
[3/4,1], ? 7 i(xAr) = 1 on [3/4,1], gi{x]s[) = 0 on [0,1/4]. Now it can be checked 
directly that the change of the unknown U 2 {x,t) = U 3 {x,t) + G{x,t) + H{x,t) 
reduces the problem to the problem for the function U 3 {x,t) with exactly the 
conditions of Lemma 1301 

This finishes the proof of the proposition. 


6.2 A model problem with the Dirichlet condition at {xjsf = 

0 }. 

Let P, P', Pt, P/ be defined in the previous subsection. Consider the following 
problem for the unknown 2 'k- periodic with respect to the variables Xi, i = 
l,N — 1, function u{x, t): 


Lx,tu = ^ + V(a;^VAu) = 

f{x,t), {x,t)&PT, 

(6.112) 

u{x', 0 , t) = ip{x', t), 

ix',t) e Py, 

(6.113) 

/ / 1 n d^u{x',l,t) 

U{x,l,t)=0, g^ 2 ^ 

■ — 0, (cc , t) S Py, 

(6.114) 

u{x, 0 ) = tpix). 

X e P, 

(6.115) 


and the periodicity conditions 
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,71 = 0,1,2,3, i = l,iV-l. (6.116) 

We soppose that 

f{x,t) G G G c^X/2(P) (6-117) 

and all these functions are 27r-periodic in each variable a;^, 7 = 1, TV — 1. We sup¬ 
pose also that the given functions satisfy the folio-wing compatibility conditions 
at {t = 0,X]v = 0 ) and (t = 0,X]v = 1 ) 




.-Ta = — TT 


9”?7 , , 


= T^(3:',0), ^(x',0) = - [V(a:^VAV')] U^,=o + /(^',0,0),x‘ € P\ 

(6.118) 


^{x', 1)^0,- [V(x2^VA7A)] + fix', 1,0) = 0, = 0, a.' G P'. 

(6.119) 

Proposition 33 Under conditions (16.1171) - (16.1191) problem (16.1121) - (I6.116P 
has the unique periodic solution u{x,t) G ^^ 27/2 ^ (T’t) and 


|M(a;,t)| 


( 4 + 7 . 5 ^) 

2nl2,PT 


< Ct 



( 7 . 7 A) 
7 / 2 .Pt 


+ 1^1 2 + ^/ 2 ,!+^ 

^x',t 


(-^t) 


+ 1^1 


(4+7)_7 
2.7/2,P J ■ 


( 6 . 120 ) 


Proof. 

We give only outline of the proof because it is very similar (and even simpler) 
to the proof of Proposition |31] . We emphasize only the principal moment of 
obtaining the analog of estimates (16.391) . (16.681) . Note that in the case of the 
Dirichlet condition (I6.113|) we need not to consider auxiliary elliptic problem. 

First of all, on the base of Proposition |32] we can consider the auxiliary 
problem with the Neumann condition at xn = 0 and with the given initial 
datum tp{x) and with the right hand side fix,0) in equation (I6.112p . This 


reduces the problem to the case '!/'(a;) = 0 , f{x, 0) = 0. At the same time the 
boundary condition at Xat = 0 is reduced to the case (pix',0) = iptix',0) = 0 . 
And the same is applied to the boundary conditions at xn = 1. After this by 
the standard Schauder technique we obtain estimate (16.1201) as it was done in 
Proposition[321 We can also reduce the problem to the zero boundary conditions 
on the base on well known results on extensions of functions from standard 
Holder classes and on the base of Proposition [TTJ 

The further aim is to prove the existence of smooth solution for the smoothed 
right hand side fix,t) in (16.1121) . For this we make in problem (j6.112|) - (j6.116l) 
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the Laplace transform and then represent as the Fourier series as it was done in 
the previous subsection. Thus we denote 


where 


OO OO 

u{x,p) = J e~^*u{x,t)dt, f{x,p)= J f{x,t)dt, 
0 0 

u{x,p) = u{x',XN,p) = ^ v{uj,p,XN)e~^‘^'' , 

J{x,p) = f{x',XN,p) = h{‘^,P,XN)e~"‘^'^', 

i.jgz'v-i 


\h{uj,p,XN)\''jl.^/2 j<CK{l+UJ^ + \p\^) K>G. 

For the unknown function v{uj,p^xn) the original problem become the following 
boundary value problem for an ordinary differential equation with the parame¬ 
ters p and u! 


{x%v"'y +pv — 2uj^x%v'' — 2 uj'^xnv' + x%v = h{w,p, xn),xn G / = [0,1], 

( 6 . 121 ) 

u(a;,p,0)=0, (6.122) 

u(a;,p,l)=0, (6.123) 

v'\uj,p,l) = 0. (6.124) 

As before, we define < 1^2 7/2 closed subspace of 7 / 2 (-^) boundary 

conditions (16.1221) - (I6.124p . We also consider instead of (I6.12ip the equation with 
the parameter A G [0,1] 


(Lo + AT)u = {x%v"'y+ 


+ Xpv — \2ijj^x%v" — \2 uj^xnv' + A = h{uj,p, xn),xn G I. (6.125) 

It can be checked directly, as it was done in the previous subsection, that for 
A = 0 the operator Lqv = [x'j^v"')' has a bounded inverse operator : 
^ 7/2 ^ ^2 7 / 2 ('^)- Thus, it is enough to obtain a uniform in A estimate for 

possible solution of (16.1251) in the space 7 / 2 ('^)- This is also done completely 
analogous to the previous subsection. The key ingredient of such estimate is 
the uniform estimate of L 2 (/)-norm of the solution v{ui,p,xn), an analog of 
estimates (I6.39p . (j 6 . 68 ll . We now demonstrate this estimate. 
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Since v{uj,p, 0) = 0, we can multiply (16.1251) by v/xn and integrate by parts 
over /. We consider each term in (16.1251) separately. We have 


Jl= {x%v"'y - dxN = — XNv'"v'dXfq + / v"'vdxfq = 

J XN J J 

0 0 0 

1 111 

= J XNv"v"dXN + J v"v'dxi\! — J v"v'dXN = J XN\v''ydXN, 

0 0 0 0 

1 1 
f V f luP 

J 2 = / Xpv - dxN =Xp - dxN, 

J XN J XN 

0 0 


1 

.2 f 


J 3 = —X2u} J XnV — dxN = X2u} J xn\v \ dxN + X2u} J v vdxN, 


J 4 = —A2a;^ / xnv' - dxN = —X2(jj^ / v'vdxN 


XN 


J 5 = A (w^) X%v - dxN=X(u}'^) XNlvl'^dxN, 

J XN J 


Je= h{uj,p,XN) - dxN- 

J XN 


5 

Since = Je, adding up the above integrals and taking the real part, we 

1=1 

obtain the relation 


XN\v"\^dxN + A2a;^ / XN\v'\^dxN + ^ x% + Rep 


- dxN = 

xn 


1 

f ^ 

= Re / h{uj,p, xn) — dxN- 
J XN 

0 

Applying the Cauchy inequality with e to the right hand side and making use 
of the Hardy inequality, we get 
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1 


1 


1 


1 1 ^ 

J XN\v''\'^dxN — ^~l~dXN + Ce j \h\^dxN < sC J \v'\‘^dxN + Ce j \h\^dxiS!- 


Note now that from boundary conditions (16.1221) - (j6.124l) it follows that 


(6.126) 


.,'|2 


dxN < C” / xis[\v"\'dxN. 


(6.127) 


Really, integrating over I the identity {xnv')' = v' + xnv" and taking into 
account that the integral from v' over I is equal to ?;(!) — r!(0) = 0, we obtain 


^'( 1)1 = 

1 

/ XNv"dXN 



J 

0 



J XN\v"\'^dxN 


1 

2 


Now we make use of (16.501) and arrive at (|6.127|) . Applying (16.1271) to (I6.126|) 
we get for a sufficiently small e 


and thus 


1 1 
y \v'\‘^dxN — ^ J 1^1" 

3 0 


dxN, 


1 1 

J\v\‘^dXN \h\‘^dXN < C ■ 

0 0 

The further reasoning of the proof of the present proposition are completely 
analogous to the previous subsection. By this we finish the proof. 


7 The Neumann and the Dirichlet problems for 
a linearized thin film equation in an arbitrary 
smooth domain. 

In this section we formulate theorems on solvability and estimates of the solution 
for a linearized thin film equation in an arbitrary smooth domain. But first 
we need an important proposition on constructing a function u{x,t) from an 
appropriate class with given initial values of u{x,0) and ut(x,0). 

Let the domains fl G fix G the function d{x) G C'^+'*'(n), and 

the spaces ^ 27/2 be defined in Section 

refsl. Let we are given functions 
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uoix) e u,{x) e 


7/2 V 


(7.1) 


Proposition 34 For any functions uo{x) andui{x) in (17.11) there exists a func- 
tion w{x,t) G ^ (^t) with 


dw 

w{x,0) =uo{x), —{x,0)=ui{x), xGfl, 

at 


,( 4 + 7 .^) 


where the constant Ct does not depend on uo{x) and ui{x). 
Moreover, if 


,n) ’ 


then 


uo(a:)|an = Mi(a;)|an = 0, 

w{x, t) =0, X G dit. 


(7.2) 

(7.3) 

(7.4) 

(7.5) 


Proof. 

The way of constructing u{x, f) is similar to the corresponding reasoning 
from [35]. From Lemma |S] it follows that ui(a;) belongs to the usual unweighted 
space C''>'/^(n) and 


It was proved in 
with 


Ch.IV that there exists a function Lpfx, t) G C'^+'>'/^’^+'>'/'*(n 7 ’) 


(/?(a;,0) = 0, ^(a:,0) = ui(a;), xGVt, 


(7.6) 


,(2+7/2,1+2) 




1(7) 


(7.7) 


Moreover, if (17.41) is satisfied, we can take ip{x, t) as the solution of the initial 
boundary value problem 


dip{x, f) 
dt 


— Aip{x,t) = Ui{x), {x,t)GilT, 


(p{X,t)\j;^OQ = 0 . 


(7.8) 


ip{x, 0) = 0, X G 

And thus we have (17.81) for (p{x,t). Analogous to [38], Ch.IV, let a collection 
of functions {r]k{x) G C°°{fl),k = 1,M} be a partition of unity on 17 with 
sufficiently small supports and in the sense 
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(7.9) 


M 

Y^vl{x) = l, xgTI. 

k=l 

We suppose (analogous to [35], Ch.IV) that the diameters dk of the supports of 
r]k{x) satisfy vX < dk < i'~^X, A > 0, and if suppirjk) fl = 0 (the set of the 
corresponding numbers k we denote by M 2 , the rest we denote by Mi), then 
dist{supp{r]k),dfl) > vX. Denote 

= '^oVk, u[''\x) = uir]k, = iprjk. 

Note that 


M M 

'^Pk{x)u^Q\x) = Uq[x), 'Yjlk{x)uf\x) = Ui{x). 
k=l k=l 

For k S Ml (that is when supp{pk) H ^ 0 ) we denote by y = Ek{x) G 
(^ 4 + 7 (^ 7 V) ^ mapping from a neighborhood of supp{rik) to the half space = 
{y £ ■ Vn > 0} with the straightening of the boundary 9f2, that is dV, n 

supp{r]k) is mapped into {yjv = 0}. For k G M 2 we denote by u'^^\x,t) the 
solution of the Cauchy problem 


+ A^u^*^(a:,t) = Mi^^(a:) + A^Ug^^(a:), xGR^,t>0, (7.10) 

u^’^\x, 0 ) = u^\x), X G R^. (7.11) 

It is well known (see, for example, [32]) that in usual unweighted spaces 

For k G Ml we denote by u^^\x,t) the functions u^^\x,t) = o 

Ekix), where u^^\y,t) is the solution of the model initial boundary problem 
corresponding to (I6.112|) - (16.11611 


lfi-'7x[0,T] — + |Ui Ifljv) S C 7 


1 ( 4 + 7 ) 


(7.: 


auW(y,t) ^v(y^VA^W(y,t)) =/W(y,t), iy,t)GPT, (7.13) 

u^’^\y\Q,t) = ,t), {y',t)GPT, (7.14) 

«W(j/M,t) = 0, iy',t)GP^, (7.15) 

oyN 
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uW(j/,0) = ^«(2/), yeP, 


(7.16) 


d^u^k) 

dyf 


{y,t) 


Xi ——7r 


dnu(k) 

dy7 


{y,t) 


Here we denote 


,n = 0,l,2,3, i = l,N-l. (7.17) 


= uf\x)oE^ ^{y), 


‘f 


(fe)/ 


i.y',t)= (^('=)(a:,t) oSfc i(y) + V'W(j/) 




lyiv=0) 


/('=)(y,t) = ut\x) o E-\y) + V(y^VA^«(y)). (7.18) 

Note that we choose A in the definition of {yk] so small that supports of all 
functions 'ij)^^\y), ip^’^\y',t), f^^\y) are included in Pt or P^. From the way of 
the construction of the function (p{x, t) it follows that for problem (l7.13l) - (I7.17P 
compatibility conditions (I6.118|) . (16.1191) are satisfied. Then from Proposition 
[551 it follows that 


,(fe) 






< 
(7.19) 


< 


Ct,\ 


2.7/2,a 


'"■iSU- 


Finally, we define 


M 


w{x,t) = ^r]k{x)u^^\x,t). 




It can be checked directly by the definition that such defined w{x,t) satisfies 
(17:5]) . (17:51) . Moreover, if (17^1) is satisfied, then we have (ESI) forw(a::,t). This 
completes the proof of the proposition. 

■ 

Let a{x,t), Vct, and w(x,t) be as in Section^ That is, in particular 
tT(x, t), w(a::, t) € (^t), cr(a:, 0) = 0 , x S H, 

dw{x, t) 


w{x,t)\dn = 0 , 


(91 


< —V < 0, w{x,t) > 0,x € fl. 


an 


where it is the outward normal to dfl. Consider the following initial boundary 
value problem for an unknown function u(x, t) 


du{x, t) 
dt 


+ V„(w^V<^V^'u(x, t)) = f{x, t), {x, t) e Hr, 


(7.20) 
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u{x, 0) = X € n, 


(7.21) 


a; e Tt = 911 X [0,r], 

where it is the outward normal to 911, f-,g, and il) are given functions, 


(7.22) 


fix, t) G C^/y^llT), gix, t) G f^ix) G 

(7.23) 

We suppose that the functions gix,t) and ifix) satisfy the compatibility condi¬ 
tion 


dipix) 

dlt 


= gix, 0), a; G r = 9H. 


(7.24) 


Theorem 35 Under conditions (17.231) . (17.241) problem (17.2011 - (17.211) has the 

4-|-'Y ‘^+'7 _ 

unique solution m(x,1) G ^ (^t) for some T < To(cr) and 

Ct + l<7lci+V2,i/2+7/4(r^) -b ■ (7-25) 

Instead of boundary condition (17.221) we also consider the Dirichlet condition 

(7.26) 


'^'2,'y/2,QT 


uix,t) = ipix,t), X G Fy = 9H X [0,T], 
where (fix, t) is a given function and 

VJ(X,1) G C2+7/2,1+7/4(p^)^ 

We suppose the following compatibility conditions at 1 = 0, x G 9H 

(pix,0) = tpix), X G 911, 

dtp 


(7.27) 


(7.28) 


91 


(x,0) =-V(w^(x,0)VA^/>(x))-b/(x,0), xg911. (7.29) 


Theorem 36 Under conditions (17.271) - (17.291) problem (I7.20|) . (17.211) . (I7.26|) 


has the unique solution m(x,1) G ^ (^t) and 

i(t'’T'/4) I i(^|p2+^/2,i+7/4(r.j,) + ■ (7.30) 


, |(4+7.^) < ^ 

7/2,fir ~ ^ V '7/2,01 
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The proof of theorems 155] and [5S1 is standard - see, for example, [35], |55] . 
It is based on propositions |32l |33| about corresponding model problems and 
on Proposition 1341 Therefore we give only the schema of the proof. First we 
construct a function w{x^ t) with the properties 

w{x, 0) = u{x, 0) = ^/’(a;), 

^(x, 0) = ^(x, 0) = -V(d(x)^VAi/;(x)) + /(x, 0). 

Then the change of the unknown m(x, t) = u(x, t) + w(x^ t) reduces the problem 
to a problem for the unknown v{x,t) G o (^t), that is the operator of 

the problem is considered in the spaces with zeros, where the all functions and 
all their possible derivatives with respect to t vanish at t = 0. In these spaces 
we construct the regularizator (near inverse operator) of the problem on the 
base of propositions [321 1331 and on the base of inequalities p.28|l - ()2.30p . (12.201) - 
()2.27|) . Note that the model problems for strictly inner points of the domain fi, 
where the equation is not a degenerate one, are well studied (see, for example, 
m)- This process is completely standard and can be found in details in, for 
example,n [38], Ch.IV or in [32]. Note that we still need to have the sufficiently 
small time interval [0, T] because for small T condition (l7.22ll is close to the more 
natural condition 

(Vo-m(x, t), it) = g{x, t), X € Ft = x [0, Tj. 

By this we hnish the outline of the proof. 


8 The linear problem, corresponding to the Frechet 


derivative of the operator of the original prob¬ 
lem F(i/;) from section [4]. 


In this section we show the invertibility of the Frechet derivative F'(0)[tt,(5] = 
(F'{( 0 )[u,d],F 2 ( 0 )['u,( 5]), where F{( 0 )[m, d] and F 2 { 0 )[u, 6 ] are defined by rela¬ 
tions (I4.28p . (I4.45p . We start with the corresponding model problem. Con¬ 
sider in rp the following model problem for the unknown functions u{x,t) G 


«,T)and(5(x',t)GCo 


2 +^/ 2 ,!+:^ 




{x%VAu)-A + V(x^VA(5(x,t))^ = /(x,t), (x,t) G 

( 8 . 1 ) 


du{x,t) ^9(5(x,t)\ 

dxN dxN J 


xn—0 


gix',t), x'gR^ \ 


( 8 . 2 ) 
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u{x',0,t) = ,t), X & ^ 


(8.3) 


u{x, 0) = 0, a; e 5{x', 0) = 0, x' G (8.4) 

6{x,t) = 6{x',XN-,t) = E6{x',t). (8.5) 

Here H is a constant, A + A~^ < C, E is some extension operator from 

^ {R^~^) to C 2 7/2 o' (-^+t)’ /’ 5 ’ ^ given functions with 

compact supports and 


( 8 . 6 ) 

Recall that zero at the bottom of the designation of a space means that all 
functions with all their possible derivatives vanish at t = 0 . 

Lemma 37 Let functions u{x,t) G <^2 7/2 o' i^+r) o,nd6{x',t) G {R^~^) 

with compact supports satisfy problem (lOl - (lOl . Then 


'2.7/2,fill 


l<5| 


C2 + ^/2,l + T/4(ii^-l) 


—^ < 


(8.7) 




C2+^/2.1 + ^/4(ii« 


+ I 5 I 


Cl+7/2,l/2+^/4(fl.N-l) 


Proof. 

Denote v{x,t) = u{x,t) — A6{x,t)- Then the function v{x,t) satisfies the 
problem 


dv{x, t) 
dt 


+ V{x%VAv) = f{xA), {x,t) & R+.t, 


dv{x, t) 


dXN 


= g{x', t), x' G R 


N-l 


X]^—0 


yN 


;(x, 0) = 0, X G . 


From Theorem 1351 with tr = 0 and w = xn it follows that 


,(4+7.^) 
' 2 , 7/2 




(71 + 7/2,l/2+^/4(^^ 


( 8 . 8 ) 


But then from (18.31) it follows that S{x',t) = {-v{x',0,t) + A))/^ and 

therefore 
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< Ct + + l5l(^l+^/2,l/2+7/4(^«-l) J ’ (^’9) 

Finally, taking into account that u{x, t) = v{x, t) + A- E6{x', t), we obtain (I8.7p 
from dS.SI) and (18.91) . 


Let a{x,t), w{x,t) be defined in (14.6^ - (14.91) Consider now the following 

linear problem for the unknown functions u{x,t) S 7/2 0 S{x,t) & 

^2+7/2.!+}^^^^ 


du{x, t) 
dt 


V„{w^V„Vlu)- 


— A{x, t) 


/ dS{x,t) 
V dt 


+ V, 


r(w2V, 


VlS{x,t)) 


+ Qi [u, d] = f{x, t), {x, t) eilr, 

( 8 . 10 ) 



24(a;, t) 
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+ Q2[u, 6] = g{x,t), 


{x,t) e Ft, 


( 8 . 11 ) 


u{x,t) = ‘fixA), {x,t)&^T, 


( 8 . 12 ) 


u{x,0) =0,x en, S{io, 0 ) = 0,U} €T, (8.13) 


S{x,t) = ES{uj,t)- (8-14) 

Here it is the outward normal to F, i? : (Ft) *^2 7/2 0 * 

some hxed extension operator, Qi[u^ d] and Q 2 [u, (5] are linear expressions of the 

form 


/n r JO i t) 

Qi[u,S] = q{x,t) —^ 7 — 


|/3|=3 |/3|=2 

(8.15) 


+ X + X 

I/3|<1 I/3|<1 

Q2[u, 6] = ^bf\x,t)D^u+ ^bf\x,t)D^6+ b‘'^'^S. (8.16) 

|/3| = 1 |/3| = 1 

The coefficients in expressions (I8.15p . (18.161) have the properties 


q, qf e q{x, 0) =0,x€Q, (8.17) 
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e C'i+^/2.i/2+7/4(r^)^ hf{x,Q) = 0 ,i=l, 2 ,x&T, (8.18) 

and the coefficient A{x) satisfies 

A{x,t) & Q<v<A{x,t)- (8.19) 

About the given functions /, g, ip we suppose that 


^2+7/2,l + ^g 20) 


/ e c;;5o(fiT), geCo’ 


It is important that the Frechet derivatives F((0)[u, J] and F2(0)[u, <5] from rela¬ 
tions (I4.28L (14.451) have exactly the form of the left hand sides of (18.101) . (18.111) . 
As it is applied to these derivatives, we have, for example, 

A(x,t) = ^,,(x,t) = ^ [(1 + ,.)- - 1] 

and analogously for other coefficients with the taking into account that cr(a;, 0) = 
0 . 

We explain also the factors (x) and (x) in (I8.15|) . Consider, for example, 
a term from the definition of in (14.401) for |/3| = 3, |a| = 1 


|a| = l 


dw 


D^S = 


E 

i“i=i 



dHx)D^ 



d^ (x)DdS = q^^\x, t)d2 (x)DdS. 


Here the expression w/d{x) is considered as in (14.221) . (14.231) and the terms 
d^{x)D^ (m) considered on the base of Lemma ITS] and this gives (I8.17p . 

Lemma 38 Expressions Qi[u,S\ and Q 2 [u, 6 ] satisfy with some i5 > 0 


( 8 . 21 ) 


I02[m, ^]lcl+7/2,l/2+^/4(^.J,) < CT^ ^ l'^lc'2+7/2,i+7/4(r,j.)) ■ (8.22) 

Proof. 

The proof is obtained by the direct estimates of each term in the definitions 
of Qi[u, (5] and (32 [m, <5] on the base of inequalities of Lemma [15] and (12.421) with 
the taking into account (18. 17L (18.181) . 
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Proposition 39 Let in relations (18.101) and (IS.lOp = 0 and Q 2 [u,S] = 

0. Then pro6fem (|8.10l) - (I8.14[) has the unique solution (u,d) for some T < Tq 
and 

^ + \S\c2+-,/2,i+-,/4(^rT) < 

^ C't + W\c'2+'i/2n+-i/i{T^) + |5|ci+T/2,i/2+7/4(r.j,)^ • (8.23) 

Proof. 

We start with estimate (18.231) for a possible solution. This estimate is ob¬ 
tained by the standard Schauder technique on the base of Lemma 1551 about the 
model problem for neighborhood of the boundary dTl. The model problems for 
inner points of 17 outside of some neighborhood of the boundary dVt correspond 
to non-degenerate case and the estimates of solutions to such problems can be 
found in, for example, [32) . Therefore we have to prove just the existence of the 
solution. 

Denote by Ag{x,t) G C°“(17t) the mollified function A{x,t) with 

\A{x,t) — 0, e —>■ 0. (8.24) 

The way to obtain such a function A^i^xA) is described in Lemma 1311 Con¬ 
sider problem (18.101) - (18.141) with Ag{x,t) instead of A{x,t)- As in Lemma 1551 
introduce the new unknown function 

v{x, t) = m(x, t) — Ag(x, t)S{x, t). (8.25) 

Then for the function v{x,t) we have the Neumann problem 

^a^lv) + S'ljJ] = f{x,t),{xA) G (8.26) 

dv 

+ S 2 [d] = g{x,t), {x,t) & (8.27) 

?;(x, 0) = 0, X G 17, (8.28) 

where Si [5] and S 2 [^] are some expressions with lower order terms and they are 
completely analogous to Qi[u,5] and Q2[u,5]. Similar to (I8.21L (18.221) we have 


l‘5'2[i5]lci+^/2,i/2+7/4(r7 


< CT^\5\(j2+~,/2,i+~ijnY^y (8.29) 


Define a linear operator M : in the 

foilwing way. We substitute a given 5 G A(Yrp'^ <5'i[(5] and S'2[i5] 

and on the base of Theorem [35] we find the solution v{x,t) of problem (18.26)) - 
()8.28[) . Then from (18.241) and ()8.12l) we define 


M6 = 


{if{x,t) - -t;(x,t)|rr) 
As{x,t) 


(8.30) 
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From estimate (17.251) and (18.291) it follows that the operator M is a linear con¬ 
traction for a sufficiently small T > 0 and thus it has the unique fixed point 
6g{x,t). This gives us the unknown function 5s{x,t). The unknown function 
Ue{x,t) is then given by (by virtue of (j8. 251) 1 

Us(x, t) = v{x, t) + As{x, t)6e{x, t). 

This gives us the solution {ue{x,t),Se{x,t)) for a smoothed function As{x,t)- 
Now the solution of the original problem is obtained by letting e —>■ 0 on the 
base of estimate (|8.23p in view of (18.241) . 


Theorem 40 Under conditions (18.171) - (18.201) problem (18.101) - (18.141) has the 

unique solution u{x,t) S o , S{x,t) G (Ft) for a suffi¬ 

ciently small T <Tq and 

+ I^lc2+W2,l+V4(r^) < 

< C't W\c'^+~i/'^o+~i/i(TT) + l5lci+^/2>V2+7/4(rj,)) • (8.31) 

Proof. 

The proof resembles the proof of the previous proposition. Define a linear 
operator M from (^t) x (J^t) to itself in the following 

way. We substitute a given element {u,5) in Qi[m,( 5] and Q 2 [u,S\ and solve 
the obtained problem (18.101) - (18.141) on the base of Proposition [39l We put 
the obtained solution {fu,5) as the value of the operator M at {u,S), {u,6) = 
M(u, S). From (18.231) and (18.211) . (|8.22|) it follows that the operator M is a linear 
contraction for a sufficiently small T > 0 and this completes the proof of the 
theorem. ■ 


9 The Proof of Theorem [2]. 

We now conclude the proof of Theorem [5] 

Let Br be the ball from (14.121) and consider on this ball the operator F{ip) 
from (l4.15|) . (14.161) . From Propositionit follows that F^tp) is Frechet - con¬ 
tinuously differentiable on Br and from Theorem |40] it follows that it’s Frechet 
derivative F''(0)[^] has the bounded inverse operator for a sufficiently small 
T < Tq. Besides, relation (|4.49l) means that the value ||F’(0)|| can be made ar¬ 
bitrary small for a sufficiently small T < Tq. Thus, due to the Corollary 2] we 
conclude that for T < Tq the equation F('(/;) = 0 has a solution tpo G Br. The 
uniqueness of such element tpo € Br for a sufficiently small T < Tq is proved 
exactly as in [23]. According to the way of the construction of the operator 
F{'tp) this gives the unique smooth solution to problem (11.11) - (11.51) and proves 
Theorem [2| 
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